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Abstract

The paper deals with sweeping process measure differential inclusions
with data sets subject to the condition of bounded retraction along bounded
truncation. Various basic properties are provided, and the existence and
uniqueness of solution are established under the convexity of the data sets.
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1 Introduction

Motivated by Mechanical problems related to friction and plasticity, Jean Jacques
Moreau introduced the now celebrated ”Sweeping Process” in his 1971 paper
"Rafle! par un convexe variable I” appeared in the well-known ”Travaux du
Séminaire d’Analyse Convexe de Montpellier”, the father of ” Journal of Convex
Analysis”. J.J. Moreau produced more than 25 papers devoted to theoretical
studies and to numerical analysis of the sweeping process, and of course to its
applications in ”unilateral” mechanics; note that the term ” unilateral 2” (from
Mechanics) was central in the title ”Séminaire d’Analyse Unilatérale de Mont-
pellier” of the 1968-69 weekly seminar of analysis, the predecessor of ” Séminaire
d’Analyse Convexe de Montpellier”. Given an interval I = [Ty, T] in R and for
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1”Sweep” in english

2We refer, e.g., to [29] (dated from 1917) for the mechanical aspect of this expression.



each t € I a nonempty closed subset C(t) of a Hilbert space H, that is, a set-
valued mapping C' : I = H with nonempty closed values, the sweeping process
associated with the moving set C(t) is the evolution differential inclusion

du(t) e —N(C(t);u(t)) ae.tel,
u(t) € C’( ) foralltel, (1.1)
u( 0) = Ug € C(TO)

where N (C(t);-) denotes a general normal cone to the set C(¢). In the first 1971
paper [51], J.J. Moreau investigated the existence of an absolutely continuous
solution u(-), that is, an absolutely continuous mapping u : I — H satisfying
the initial condition and whose derivative (which exists Lebesgue almost every-
where, thanks to the Radon-Nikodym property of Hilbert spaces) fulfills the
inclusion in (1.1) with the normal cone for Lebesgue almost all ¢ € I. Obvi-
ously, if C(t) is reduced to a singleton for every t € I, the existence of such an
absolutely continuous solution requires C(-) to be absolutely continuous. So,
in [51] the sweeping process is studied under the convexity of C(t) and under
the assumption that the set-valued mapping C/(-) is absolulety continuous with
respect to the Hausdorff-Pompeiu distance, which is equivalent to the existence
of an absolutely continuous function v : I — R such that

haus(C(s), C(t)) < |v(s) —v(t)| for alls,t € 1.

Denoting by f; the indicator function of the convex set C(t) (i.e. fi(z) = 0
if v € C(t) and fi(z) = +oo if x € H\ C(t)), the Moreau A-envelope ey f;
(with A > 0) is known to be differentiable on H with its derivative Lipschitz
continuous on every bounded subset of H (see [49, 13, 70]), and here

exfil@) = inf (o) + 55 lle — yIP) = o) (@),

For each fixed t € I, the Moreau A-envelope e, f; is also known to converge as
A} 0 to f; in the suitable sense of epiconvergence (or I'-convergence) while the
graph of Ve, f; converges to the graph of N(C(¢);-) in the Painlevé-Kuratowski
sense. The approach in [51] (and also in the survey paper [53]) consists in a first
step in approximating the differential inclusion (1.1) with the usual differential

equation
{dg;u): 2V (@) (ur (1))
ux(To) = uo,

and after a suitable long analysis of the properties of the solution u(-) of the
latter differential equation, in demonstrating in a second step that (uy(:))x
converges uniformly on I as A | 0 to an absolutely continuous mapping u : I —
H which is shown to be a solution of (1.1).

As observed by J.J. Moreau, if the set-valued mapping C|(+) is non-decreasing,
that is, C'(s) C C(t) for all s < ¢ in I, it is evident (with uy € C(Tp)) that the
constant mapping ¢ +— ug is a solution of (1.1), so in such a case no Hausdorff-
Pompeiu absolute continuity of C(+) is needed. This observation led J.J. Moreau



to merely assume in the 1972 paper [52] and in [56] that the set-valued mapping
C(+) is of bounded retraction. Under the latter assumption and the convexity of
C(t), it is established in [52, 56] the existence and uniqueness of a BV solution
for (1.1). Set-valued mapping of bounded retraction is studied in great detail
in Moreau [54]. The retraction of the set-valued mapping C(-) on the interval
I is defined as

n—1
ret(C;T) i=sup{» _ sup d(x,C(ti11))},
i=0 z€C(t;)
where the first supremum is taken over all finite sequences to < t; < -+ <

t, in I. When the retraction ret(C;I) is finite, one says that the set-valued
mapping C(-) is of bounded retraction (or of finite retraction) on I. To prove
the existence of a solution with bounded variation of (1.1), under the bounded
retraction assumption of the convex set C(t), J.J. Moreau introduced in [52, 56]
the efficient ” Catching-up Algorithm” and showed its convergence, with respect
to the uniform convergence, towards a mapping u(-) of bounded variation which
is a solution of (1.1). In view of that he defined in such a context the concept
of solution through the differential measure associated with the mapping of
bounded variation u(-) (see the next section). This solution concept has practical
applications in Mechanical problems and it possesses a good behavior concerning
numerical aspects (see [57]).

Many other deep papers are also born from other members of the famous
80’s team of the ”Laboratoire d’Analyse Convexe de Montpellier”. A stochastic
version of (1.1) was developed by C. Castaing [15, 16] with closed convex set
C(t,w) and a probabilty space (€2, A, P). Additional existence results for Convex
Sweeping Processes have been provided by M.D.P. Monteiro Marques (see [47]
for references), in particular the existence of BV solution is established when
C'(+) is Hausdorff-Pompeiu continuous and all the closed convex sets C(t) contain
a fixed ball. Existence of solutions is also proved in Monteiro Marques [46] when
external forces are applied (through a set-valued mapping) to the system whose
sweeping process is a mathematical modeling; more precisely, with an upper
semicontinuous set-valued mapping F : I x H = H with nonempty compact
convex values the existence of absolutely continuous solutions is demonstrated
in [46], under the convexity of C(¢) and other appropriate assumptions, for the
evolution differential inclusion

%(t) € _N(C(t)§ U(t)) — F(t,u(t)) aetel,
u(t) e C(t) foralltel, (1.2)
U(TO) =ug € C(TO).

Periodic solutions of the latter differential inclusion are investigated by C. Cas-
taing and M.D.P. Monteiro Marques [19]. The study of Nonconvex Sweeping
Processes started with M. Valadier [75, 76, 77]. Those papers of Valadier consid-
ered the existence of absolutely continuous solutions when C(t) = R\ int K (t),
where K(t) is a convex set in R? with nonempty interior (in fact with a more
general class of subsets C(t) in RY). Then, C. Castaing, T.X. Duc Ha and M.



Valadier [18] and C. Castaing and M.D.P. Monteiro Marques [20] extensively
studied (1.2) when C(t) is the complement of the interior of a variable convex
set K(t).

Existence and properties of absolutely continuous solutions of (1.2) with
a fixed convex (or tangentially regular) set C(t) = S C R have been also
studied in [28, 37] in view of the analysis of resource allocation mechanisms in
Economics; see also [33] for another work with application in Economics. Besides
various Mechanical Problems (see, e.g., [53, 41, 47, 61]) and Resource Allocation
in Economics (see, e.g., [7, 28, 37]) Sweeping Processes also arise in Thermo-
Plasticity and Phase Transition Problems (see, e.g., [38, 39, 40, 66, 79]), in
Nonregular Electrical Circuits (see, e.g., [1, 2, 3, 14]), in Crowd Motion Modeling
(see, e.g., [43, 44, 78]), in Variational Inequalities (see, e.g., [60, 65, 3, 45]), in
(Differential) Complementarity Problems (see, e.g., [14, 3, 4]).

When C(t) is any closed subset of R moving with an absolutely continuous
variation, the existence of absolutely continuous solutions has been established
(with the Clarke normal cone to C(t)) in [8, 24, 72] for (1.1), and in [72] for (1.2).
The case of a prox-regular set C(t) of a Hilbert space is actually very active. For
studies with a prox-regular set C'(¢) in a Hilbert space moving in an absolutely
continuous way we refer, e.g., to [24, 72, 12, 31, 26, 35, 36, 4, 14, 9, 71, 73, 62]
and the references therein, and for the case when the prox-regular set C(t) has a
bounded variation we refer to [32, 14, 4]. For stochastic versions of the sweeping
process involving a Brownian motion we cite F. Bernicot and J. Venel [10] and
C. Castaing, M.D.P. Monteiro Marques and P. Raynaud de Fitte [21] in this
volume; see also H. Frankowska [34].

Besides the case ret(C'; I) < 400 which is natural in mechanics, coming back
to (1.1) with a closed convex set C(t) of a Hilbert space, it has been recenly
observed by G. Colombo, R. Henrion, N.D. Hoan and B.S. Mordukhovich [25]
and by A.A. Tolstonogov [74] that there are concrete and practical situations
where the retraction of the convex-valued mapping C(-) on the interval I is not
bounded. Nevertheless, under relaxed retraction absolute continuity properties,
those authors proved in [74, 25] the existence of absolutely continuous solution
for (1.1). The aim of the present paper is to show how the Moreau Catching-
up Algorithm can be still used to establish the existence of BV solution of the
measure differential inclusion on I

du € =N (C(t); u(t)),
u(t) e C(t) foralltel, (1.3)
’LL(T()) = Ug € C(To),

where C': I = H is a set-valued mapping with nonempty closed convex subsets
of a Hilbert space H such that some truncated retraction of C(-) is bounded.
The truncated retraction of C(-) and its boundedness are defined in Section
2 and related preliminaries are given. In Section 3 various basic properties of
solutions are provided even in the nonconvex setting. In this same section,
the uniqueness of solution is established and the situation when the truncated
retraction is absolutely continuous is examined. The existence of solution is
achieved in Section 4.



2 Normal cone and retraction of set-valued map-
ping along truncation

Throughout H will be a (real) Hilbert space endowed with the inner product
(-,-) and B(x,r) (resp. Bl[xz,r]) the open ball (resp. closed ball) centered at
x € H with radius r > 0. It will be also convenient to denote by B the closed
unit ball around zero, that is, B := BJ0,1]. The distance from a point © € H
to a nonempty subset S of H is denoted by d(z,S) or dg(z), that is, d(z, S) =
inf,es ||z — y|; by convention d(x,S) = +co when S = (). By N we will mean
as usual the set of integers starting from 1.

2.1 Normal cone and subdifferential in Convex Analysis
Assuming that the set S C H is convex, its normal cone at x € S is defined by
N(S;z):={C€H: ({2’ —x) <0, Va' € S}.

So, in particular when S is closed and convex
y — proj (y, S) € N(S;proj(y,S)) forallye H, (2.1)

where proj (y, S) denotes the nearest point of y into S; consequently, one has
the equivalence
y—z € N(S;z) <= x = proj (y,5) (2.2)

(sometimes, it will also be convenient to write proj s(y) in place of proj (y, S)).
One also defines N(S;x) = () whenever z ¢ S. The normal cone is linked with
the subdifferential concept. Given a convex function f : H — R U {+oo} we
recall (see [58, 68, 69, 22]) that its subdifferential at a point x € H where f is
finite is given by

Of(x) :={Ce H: (¢,a' —z) < f(a') - f(x), Va' € H},
and df(z) = 0 if f(z) is not finite. Defining the indicator function of the set S
by

Ys(x) =0 ifreS and vYg(z)=+oc0 ifaxe H\S,
it is clear that N(S;z) = 0ys(x) in the above sense when S is convex.

For the convex function f finite at x, the directional derivative of f in any
direction h € H

(. e T1: —1 _ — —1 _

J'(aih) :=limt™ (f(z + th) = f(@)) = f 7 (fl@ + th) = f(z)  (2:3)
always exists in RU{—o00, 400} and the function f'(z;-) is convex, and it is also
known (and easy to see) that

Of(x)={Ce H:((h) < f'(z;h), Vh e H}.

If the set S is convex, the distance function dg is convex, and the normal
cone of S at x € S is linked with the function dg through the following equalities
that will be used in the development of the paper:

N(S;z) =R 0ds(x) and 9ddg(x) = N(S;z)NB. (2.4)



2.2 Proximal normal cone and proximal subdifferential

Given a nonempty subset S of the Hilbert space H, let us denote by Proj (y, .S)
the set of nearest points from y € H in S, that is,

Proj(y,5) :=={z€ S : [z —y| =ds(y)}.

A vector ¢ € H is a prozimal normal vector to S at x € S (see, e.g., [23])
provided that there is some real o > 0 such that z € Proj(z + ¢(), which is
equivalent to

x=proj(z+1t() forall0<t<o.

The set of such vectors ( is denoted by N¥(S; ) and called the prozimal normal
cone of S at x € S. It is usual and convenient to set N¥'(S;x) = () whenever
r ¢ S. If S is closed and convex, N*(S; ) coincides with the normal cone in
the previous subsection for convex sets.

It is worth noting that, whenever Proj (y, S) # 0, one has

y—2z€NF(S;2) forall z € Proj(S,y),

extending the inclusion in (2.1) to nonconvex sets.

For a function f : H — RU{+oc0} which is finite at € H, a vector ¢ € H is
a prozimal subgradient of f at x if there exist a real o > 0 and a neighborhood
U of x such that

(¢, 2" — ) < f(a') — f(z) + %Hx’ —z|? foralla’ € U.

The set of such vectors is denoted by 9p f(z) and called the prozimal subdiffer-
ential of f at z. As above one also puts dp f(z) = () when f is not finite at the
point x. Assuming that S is closed and using the indicator function g, the
known equality N7 (S;x) = dpts(x) provides the following practical analytical
characterization of the proximal normal cone: ¢ € NT(S;z) if and only there
are a real 0 > 0 and a neighborhhod U of « € S such that

1
(¢, 2" —z) < §U||I/ —z|* forallz’ €UNS.

Both equalities in (2.4) still hold (see, e.g., [11]), with the proximal subfif-
ferential and normal cone, for any closed subset S of H and = € S,

NP(S;2) =R, 0pds(x) and 9pds(z) = NT(S;2)NB. (2.5)

2.3 Retraction along truncation of set-valued mapping

Given an extended real p €]0, +00] and two subsets S and S of H with S" # (),
the p-excess of S over S’ (or the excess of the p-truncation of S over S') is
defined by

exc,(S,5") = esgr? Bd(z, SN,
z€SNp



where as usual sup,cq d(z,S") = 0if Q = (. In the equality for the truncated
excess, with p = 400 it is taken by convention pB = H, so in this case the
p-excess coincides with the usual excess of S over S’ denoted by exc(S,.S”); this
equivalently means that

eXCoo (S, S") = supd(z, S’") =: exc(S, S).
zeS

Symmetrizing the p-excess yields the Hausdorff p-semidistance
Haus, (S, S") := max{exc,(S,5"), exc, (5, 9)};

when p = +oo the latter formula is reduced to the usual Hausdorff-Pompeiu
distance and as above we write Haus(S, S").
It is worth noting that, for every 2’ € H

d(x',S") < d(a',x) +exc,(S,S") forallz € SN pB,
or equivalently
d(z',8") < d(z',SNpB) + exc,(S, ). (2.6)
It is also known and not difficult to show (see, e.g., [6, 70]) that

exc,(S,9") =inf{r >0: SNpB C S +rB},

and that
exc,(S,8') < sup (max{d(z,S’) - d(x,S),O})
zE€pB

and with p’ > 2p 4+ d(0, S1)

sup (max{d(m, S") —d(x, 5)70}) <excy(S,5).

zE€pB

In the paper, given two reals Ty < T and I := [Ty, T] we are concerned on I
with the measure differential inclusion

du € =N (C(t);u(t))
u(t) e C(t) foralltel, (2.7)
u(0) = uy € C(0),

where the way of moving of the set C(t) C H is translated by a given positive
Radon measure. In fact, we will often have to consider an extended real p €
[lluo||, +00] and a positive Radon measure p on I = [Ty, T] such that

exc,(C(s),C(t)) < p(]s,t]) forall s,t € I with s <. (2.8)

The existence of such a measure p is related to the concept of retraction of
C(+) along p-truncation. Given a nonempty interval Z of R and a set-valued
mapping C' : T = H, the retraction along p- truncation of C(-) on T or the



p-retraction of C(-) on Z, denoted by ret,(C;Z), is defined as the supremum of

the sums
n—1

Zexcp (C’(ti), C(tH—l))
i=0

over all finite sequences tg < --- < t, of Z. When ret,(C;Z) is finite (resp.
ret,(C; J) is finite for every compact interval J included in 7), we say that
C(-) has on Z a bounded p-retraction or a bounded retraction along p-truncation
(resp. a locally bounded p-retraction or a locally bounded retraction along p-
truncation). If p = 400 the above concepts amount to saying, in the sense
of Moreau [54], that C(-) has a bounded retraction (resp. a locally bounded
retraction) on Z. Replacing the p-excess by the Hausdorff p-semidistance defines
on the one hand the p-variation of C(-) on I or the variation of C(-) on T
along p-truncation denoted by var,(C;Z), and on the other hand the concept of
set-valued mapping with bounded p-variation or with bounded variation along
p-truncation (resp. with locally bounded p-variation or with locally bounded
variation along p-truncation); the case when p = 400 translates the standard
concept of set-valued mapping with bounded variation (resp. locally bounded
variation).

Clearly, the boundedness (resp. local boundedness) of the retraction of C/(-)
entails the boundedness (resp. local boundedness) of the retraction along p-
truncation, and the former property is implied by the bounded (resp. locally
bounded) variation property.

When J = [s,t] with s < ¢, instead of using [s,¢] in the above notations
we will write ret,(C;s,t) and ret(C; s, t), and also var,(C;s,t) and var(C;s,t).
So, coming back to (2.8) we see that the existence of such a positive Radon
measure p on the interval I = [Ty, T] (combined with the property that the
measure of any compact set under a Radon measure is finite) guarantees that
the set-valued mapping C(-) has bounded retraction on I along p-truncation
and that the function t +— ret,(C;Tp,t) is right continuous on I since given
t € [Ty, T it holds for all ¢ €]¢, T

0 <ret,(C;Tp,t) — ret,(C; To, t) < p(]t,t]);

furthermore,
ret,(C; Ty, T) < p(]To,T7).

Conversely, if we assume that the set-valued mapping C(-) has a bounded re-
traction on I along p-truncation and that the function ¢ — ret,(C;To,t) is
right-continuous, then the latter function is right-continuous and with bounded
variation on I (in fact, non-decreasing on I). So, if we denote by pc , the
differential Radon measure associated with it (see (2.10) below) we have

ret,(C; To, t) —ret,(C; To, s) = pe,p(]s,t]) foralls <tinl,
which yields

exc, (C(s), C(1)) < pep(Js,t]) foralls <tinl,



otherwise stated, condition (2.8) is satisfied with the positive Radon measure
pe,p in place of p.

2.4 Concept of solution

In addition to the above notions, some other ones are necessary before defining
the concept of solution of the measure differential inclusion (2.7). Troughout
the rest of the paper, any positive measure p (resp. vector measure m) on
the compact interval I := [Ty, T] of R will be a Radon measure; in particular
([T, T)) is finite. We will use the notation r | 0 to mean r — 0 with r > 0.
The function 14 will denote the characteristic function of a subset A C I, that
is, 14(t) =11if t € A and 14(¢) = 0 otherwise.

Given a positive Radon measure v on the interval I and a real p € [1, +oo],
we will denote by LP(I, H) the space of all (classes of) v-measurable mappings
w: I — H such that ¢t — ||u(¢)||? is v-integrable on I.

We start by recalling some results from real and vector measures. For two
positive Radon measures v and v on I and for I(¢,r) :== I N[t —r,t + r] with
r > 0, it is known (see, e.g., [42, Theorem 2.12]) that the limit

(with the convention % = 0) exists in R for v-almost every ¢ € I and it defines
a Borel function of ¢, called the derivative of U with respect to v. Furthermore,
the measure ¥ is absolutely continuous with respect to v if and only if 22(-) is
a density of 7 relative to v, or otherwise stated, if and only if the equality o =
g—f(-)y holds true. Under such an absolute continuity assumption, a mapping
u(-) : I — H is v-integrable on I if and only if the mapping ¢ — u(t)g—z(t) is
v-integrable on I; furthermore, in that case,

/ w(t) do(t) = / u®) () dv(t). (2.9)
T I dv
When v and U are each one absolutely continuous with respect to the other,
we will say that they are absolutely continuously equivalent.
Given a vector measure m on I with values in the Hilbert space H, its
variation measure |m/| is defined for any Borel set A C I by

[m|(A) = sup Y [m(B),

neN

where the supremum is taken over all sequences (B )nen of Borel mutually

disjoint subsets of I such that A = |J B, (see, e.g., [30]). When the positive
neN

measure |m| is absolutely continuous with respect to the positive measure v, we

will say that the vector measure m is absolutely continuous with respect to v.

In such a case, since the Hilbert space H has the Radon-Nikodym property, the



vector measure m has a density ¢ : I — H relative to v, that is, m = {(-)v, or
equivalently ¢(-) is v-integrable on I and

m(A) = /AC(t) dv(t) for all Borel sets A C I.

Now consider a mapping u(-) : I — H of bounded variation and denote by
du the differential vector measure associated with u (see [30] and [55]); if in
addition, u(-) is right continuous, then

u(t) = u(s) + / du for all s,t € T with s <¢. (2.10)
s,t]

Conversely, if there exists some mapping u(-) € LL(I,H) such that u(t) =
u(Ty) + f]TO’t] udy for all t € I, then u(:) is of bounded variation and right
continuous; for the associated differential vector measure du it is known that its
variation measure |du| satisfies

|dul(]s, t]) = / [a(r)||dv(7) for all s,t € T with s <,
s,t
and du is absolutely continuous with respect to v and admits u(-) as a density
relative to v, that is,
du = u(-) dv.

Then, putting I~ (¢,7) := [t —r,t])N T and IT(t,7) := [t,t + r] N I, according to
Moreau and Valadier [59], for v-almost every t € I, the following limits exist in
H and

. du . du(I(t,r)) . du(I=(t,r)) .. du(IT(t,7))
t)=—():=1 =1 =lim ————==, (2.11
) =, =l e T ) B oY
and from this it is easy to see that one also has, for v-almost every t € 1
. du . du(jt —rt]N 1)
t) = “2(t) = lim - — A 2.12
ut) = O = AN (2.12)
where, for convenience as usual dv(A) := v(A) for every v-measurable subset
A C I. In particular, it ensues that
du du({t}) d\
—(t) = d —(t) =0, wh t 0. 2.13
T = Go and G20 = 0, whenever v({1)) > (2.13)

Above and in the rest of the paper A denotes the Lebesque measure.
As usual, for the variation measure |du| of the vector differential measure du
associated with the bounded variation mapping v : I — H, it will be convenient

to denote by
du

d(|dul)

d
ﬁ in place of
the derivative of du with respect to |dul.

Restricting our study (as said above)to the framework where (2.8) is valid,
our definition of solution of (2.7) is as follows:
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Definition 2.1 Let C : I = H be a set-valued mapping with nonempty closed
values and let N(C(t);-) a general notion of normal cone (see, e.g. [23, 48,
63, 70]). We say that a mapping u : [Ty, T] — H is a solution of the measure
differential inclusion (2.7) provided there are an extended real p > ||ug| and
a positive Radon measure p on I = [Ty, T] satisfying (2.8) and such that the
following properties (i) and (ii) are fulfilled:

(i) the mapping u(-) is of bounded variation on I = [Ty, T], right continuous,
and satisfies u(Ty) = uo and u(t) € C(t) for allt € I;

(ii) there exists a positive Radon measure v absolutely continuously equivalent
to p and with respect to which the differential measure du of u(-) is absolutely
continuous with %4(-) as an LL(I, H)-density and

%(t) € —N(C(t);u(t)) forv—ae tel. (2.14)

Some situations can lead to work with an additional (non identically A-
null) set-valued mapping F' : [ x H = H such that, for each A-integrable
mapping z : I — H, the set-valued mapping ¢t — F'(¢, z(t)) admits a A-integrable
selection. So, instead of the measure differential inclusion (2.7) one is interested,
again under the p-retraction assumption (2.8), to the following one

du € =N(C(t);u(t)) — F(t,u(t)
u(t) e C(t) foralltel, (2.15)
u(0) = up € C(0).

Extending Definition 2.1, a solution of the latter differential inclusion is
defined as follows:

Definition 2.2 With C(-) and N(C(t);-) as in Definition 2.1, we say that a
mapping u : I — H is a solution of the measure differential inclusion (2.15)
if there are an extended real p > |lug|| and a positive Radon measure p on
I := [Ty, T] satisfying (2.8) and such that the following properties (i) and (ii)
are fulfilled:

(i) the mapping u(-) is of bounded variation on I = [Ty, T], right continuous,
and satisfies u(Tp) = uo and u(t) € C(t) for allt € I;

(ii) there exist a A-integrable selection y,(-) of t — F(t,u(t)) and a positive
Radon measure v absolutely continuously equivalent to p + A and with respect
to which the differential measure du of u(-) is absolutely continuous with %(-)
as an LL(I, H)-density and

%(f) + yu(t);i—j(t) € —N(C(t);u(t)) forv—aetel

As in [32], fixing a pair (p, ) as above we can see that both above concepts
of solutions associated to the pair (p, 1) do not depend on the Radon measure v
on I absolutely continuously equivalent to g+ A (resp. p), in the sense that, for
any other Radon measure vy on I absolutely continuously equivalent to g + A
(resp. ), the differential measure du is absolutely continuous with respect to

11



1o and the same inclusion in Definition 2.2 (resp. Definition 2.1) is fulfilled with
Vg in place of v. In fact we will show that, given any positive Radon measure 1
on I with respect to which pw+ X (resp. ) is absolutely continuous, the inclusion
in Definition 2.2 (resp. Definition 2.1) holds true with vy in place of v. Indeed,
let be given a positive Radon measure v on I absolutely continuously equivalent
to u+ A and let y, () be the associated A-integrable selection of ¢ — F'(¢, u(t))
such that the properties in (ii) of Definition 2.2 are fulfilled (resp. absolutely
continuously equivalent to p and such that the properties in (ii) of Definition 2.1
are fulfilled). Take any other positive Radon measure vy on I with respect to
which the measure v is absolutely continuous. By property (ii), the differential
measure du and the real measures A are absolutely continuous with respect to v.
Therefore, (by the Radon Nikodym property of H) there exists a Borel subset
B of I with vg(B) = 0 such that, for all t € I\ B

du du,  dv d\ d\, dv
dry\ = E(t)%(t) and %(t) =7 t)%(t)
du du . dv

Choose also a Borel subset B; of I with v(B;) = 0 such that the inclusion in
Definition 2.2 (resp Definition 2.1) is satisfied for all t € I\ By. According to
the absolute continuity of v with respect to vy, we can write

dv

0=v(By) = —
(1) Bldl/o

(t) dvo(t).

Consequently, there is a Borel subset By C By of I with vy(Bs) = 0 such that

d
d—y”@(t) —0 forallte B\ Bo,

hence, for all t € (I \ B)N (B \ B)

du dA du

Putting B3 := B U By and using the conical property of N(-;-) it results that
Vo(Bg) =0andforalltel \ Bs

D10+ 9al) (1) € ~N(O(1):u(t)) (216)
o o
(resp. ;—;ﬁ)(t) € —N(C(t);u(t))), (2.17)

as announced.
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3 Basic properties of solutions

Let us start with the situation where the measure p is absolutely continuous with
respect to the Lebesgue measure \. Consider first the case where no external
force is present.

Proposition 3.1 Let N(-; ) be a general normal cone and, with I := [Ty, T), let
C : I = H be a set-valued mapping with nonempty closed values. Let w: I — H
be a solution of (2.7) in the sense of Definition 2.1, associated with an extended
real plluo|| and a positive Radon measure p satisfying (2.8). If w is absolutely
continuous with respect to the Lebesgue measure A on I, then u(-) is a usual
absolutely continuous solution in the sense that u(-) is absolutely continuous on
I, u(Ty) = ug, u(t) € C(t) for allt € I, and

du

E(t) € —N(C(t);u(t)) forA—a.e.tel,

d
where d—?(t) denotes the standard derivative at point t where it exists.

Proof. Let u(-) be a solution in the sense of Definition 2.1 associated with a
pair (p, ) satisfying (2.8). Assume that the measure p is absolutely continuous
with respect to A. Since the differential measure du is absolutely continuous
with respect to pu, it is also absolutely continuous with respect to A\. By the

d
Radon-Nikodym property of the Hilbert space H the standard derivative d—zz()

d
exists A\-almost everywhere. We also know that d—?() is a denstity in L} (I, H)

of du relative to A, and that there exists some Borel set By C I with A(B;) =0
and such that, for all t € I'\ By

du du
P (t) = PN (t).

Further, by (2.17) there is also a Borel subset By of I with A\(Bg) = 0 such that

du
a(t) € =N (C(t);u(t)) forallte I\ Bs.

It ensues that A(B; U B2) = 0 and

%(t) € —N(C(t);u(t)) forallt eI\ (B1UDBsy),

So, u(-) is a solution in the usual sense. ®

The similar result in presence of external forces is also valid.
Proposition 3.2 Let N(-; ) be a general normal cone and, with I := [Ty, T,
let C : I = H be a set-valued mapping with nonempty closed values. Let

13



also F' : I x H = H be a set-valued mapping as above. Let uw : I — H be a
solution of (2.15) in the sense of Definition 2.1, associated with an extended real
p > |lug|l and a positive Radon measure p satisfying (2.8). If p is absolutely
continuous with respect to the Lebesque measure X\ on I, then u(-) is a usual
absolutely continuous solution in the sense that u(-) is absolutely continuous on
I with w(To) = uo, u(t) € C(t) for allt € C(t), and there exists a A-integrable
selection y, (+) of t = F(t,u(t)) such that
du

E(t) +yu(t) € =N(C(t);u(t)) forA—ae. tel.

Proof. Let u(-) be a solution in the sense of Definition 2.2 associated with a pair
(p, ) as above. With v := g+ A (keep in mind that, relative to the pair (p, i),
the concept does not depend on the measure absolutely continuously equivalent
to p+ A), let y,(-) be the associated A-integrable selection of t +— F'(t,u(t)).
Assume that p is absolutely continuous with respect to A. Then v = u+ A is
absolutely continuously equivalent to A. As in the previous proof, one finds that

du
the standard derivative %() exists A-almost everywhere and is a denstity in

Li(I, H) of du relative to \, and further there exists some Borel set By C I with
d d

A(B1) = 0 and such that d—?(t) = %(t) for all t € I\ By. From the absolute

continuity of p+ A\ with respect to A and from (2.16) there exists a Borel subset

By C I such that A(By) =0 and for all t € T\ By

du . du d\
a(t) exist and ﬁ(t) + yu(t)a(t) € —N(C(t);u(t)).
It results that \(B; U Bz) = 0 and
du

%(t) +yu(t) € =N(C(t);u(t)), VteI\ (B1UBs).

The mapping u(-) is then a solution in the usual sense. ®

In view of the uniqueness, we state the following proposition concerning a
particular chain rule for differential measures. Its statement is a consequence of
a more general result from J.J. Moreau [55].

Proposition 3.3 Let H be a Hilbert space, v be a positive Radon measure on
the closed bounded interval I, and u(-) : I — H be a right continuous with
bounded variation mapping such that the differential measure du has % as a
density relative to v. Then, the function ® : I — R with ®(t) := |Ju(t)||* is a
right continuous with bounded variation function whose differential measure d®
satisfies, in the sense of the order of real measures,
d® < 2(u(), () dv.

From the latter proposition the uniqueness of solution for (2.7) in the convex

framework can then be established as in Moreau [55]. The proof is reproduced

dv
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in order to keep the paper self-contained. In the proof and in the rest of the
paper 14 denotes the function defined by 14(t) = 1 if ¢t € A and 14(¢) = 0
otherwise.

Proposition 3.4 Assume that the closet sets C(t) are convex. Let uy,us :
[To,T)] — H be right-continuous with bounded variation. If u; (for i = 1,2)
is a solution of the differential inclusion du € —N(C(t);u(t)) in the sense of
Definition 2.1 with initial condition u;(To) € C(Ty) and associated pair (p;, i),
then the function t — |lui(t) — ua(t)|| is non-increasing on the interval I :=
[TOat]‘

Consequently, with ug € C(Tp) the measure differential inclusion

du € —N(C(t);u(t)) with initial condition uw(Ty) = ug
has at most one solution in the sense of Definition 2.1.

Proof. Set u := u1 + po and note that each measure p; (with ¢ = 1,2) is
absolutely continuous with respect to the Radon measure p. By (2.17) the
vector measure du; is absolutely continuous with respect to p and the mapping
u; is a solution associated to the pair (p;, u) of the differential inclusion du €
—N(C(t);u(t)) with initial condition u(Ty) = u;(Tp). This yields that the

du;
differential measure du; admits d—i() as density relative to p and
1

dui

dp
It ensues according to the definition of the normal cone of a convex set that, for
p-almost all ¢ € T

(t) € =N(C(t);u;(t)) for p— almost all ¢ € 1.

dU1 dU2
— () — —(¢ t) — t <0. 3.1
(G0 - G200 - walt)) (3.1)
Using Proposition 3.3 the function ®(-) := [lui(-) — uz(+)||? is right continuous
with bounded variation and, with respect to the order of real measures,

00 < <‘f§/‘j<.> - 220 m() u2<o>> b <o,

where the latter inequality is due to (3.1). For s < ¢ in I it results that
B(t) = 0(s) = [ 1j.0(r) d0(r) <0,
I

which confirms the non-increasing property of the function /®(-).
The uniqueness with the initial condition ug € C(Tp) directly follows. m

As usual, in the next proposition and in the rest of the paper, for a mapping
w: I — H we will denote by u(t~) the left-hand side limit of w at ¢ €]Tp, 17,
that is, u(t™) := lim;q; u(7). When u is of bounded variation, u(¢t~) exists for
all t €]Tp, T]. We will also put by convention u(T, ) = u(Tp).
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Theorem 3.1 Let N(~; ) be the prozimal normal cone and, with I := [Ty, T,
let C': I = H be a set-valued mapping with nonempty closed values. Let also
F : I x H = H be a set-valued mapping as above. Let uw : I — H be a
solution of (2.15) in the sense of Definition 2.2, associated with an extended
real p > |luo|| and a positive Radon measure p satisfying (2.8). Let y,(-) be the
associated A-integrable selection of t — F(t,u(t)). Assume that ||u(t)|| < p for
allt € I := [Ty, T) (this being satisfied in particular whenever p = +00). Then,
with Iy := {t € I : u({t}) = 0}, given any positive Radon measure v absolutely
continuously equivalent to p+ A, for v-a.e. t € Iy one has

‘ du d>\ H dX

FORAG (®) + llyu (O 2 (0)-
If in addition the solution u satisfies
lu(t) —u(t™)| < p({t}) foralltel,

dA
dy( ) holds true

du
then the latter inequality concerning the norm of —( )+ yu(t)
forv-a.e. tel.

Proof. The inequality being clearly invariant with respect to absolutely con-
tinuously equivalent measures v, it suffices to show it with v := p 4+ A. By
definition and by (2.16) there exists a v-null Borel set B C I such that for all
t € I\ B the inclusion in (ii) of Definition (2.2) is fulfilled. Fix any ¢ # Tj

in I\ B satisfying u({t}) = 0. Clearly, one has v({t}) = u({t}) = 0. Put

d
¢(t) == d—u(t) + yu(t)d—(t) By definition of proximal normal, there exists some
v v

real n > 0 such that for every real 0 < o <17

u(t) € Proj o (u(t) — a¢(t)).

Since v(]s, t]) = v({t}) = 0 as s T t, we can fix some sy € I with so < ¢ such that
0 < v(]s,t]) < n for all s € [sg,t[. Then for every s € [sg, t[, with o := v(]s, t])
the above inclusion gives
o5 [ICOI = dewy (u(t) — 0s((t) < dow (u(s) + [[u(t) —uls) — ol (@)
< pls;t]) + [lu(®) —uls) — osC(DI],

where the latter inequality is due to the p-retraction inequality assumption of
C(+) and to the inclusion u(s) € C(s) N pB. Dividing by o5 > 0 yields

du A s ]) () —u(s) du
’ dv (8) +yu(t) dv (t)H = v(]s,t]) v(]s,t]) dv(t) Yult) dv (t)‘
S0 passing to the limit as s 1 ¢ we obtain

du d>\
‘dy(t)wu( de )+’

+

du du dA
)= 0 - 005 )

= )+ )] 2 0)
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In the case where pu({Tp}) = 0 we have v({Tp}) = 0, so it is enough to
consider B U {Tp} in place of B. The inequality in the first statement of the
theorem is then justified.

Now assume that ||u(t) — w(t7)|| < wp({t}) for all t € I. We only need to
consider any ¢t € I with u({t}) > 0, so v({t}) = p({t}) > 0. For such a real ¢,
using (2.13) the inequality ||u(t) - u(t‘)H < u({t}) allows us to write
‘ du p({t})  du

30| =[S = Sy - o

Since the inequality v({t}) > 0 entails E( ) = 0 (see (2.13)), from the latter
inequality we see that we still have the inequality

du X dps X
|50+ R0 < L0+ Il 0,
This finishes the proof. =

The next corollary contains in particular the important case when C/(+) enjoys
the absolute continuity property of its truncated retraction.

Corollary 3.1 Let N(-; ) be the proxzimal normal cone and, with I := [Ty, T,
let C': I =% H be a set-valued mapping with nonempty closed values. Let also
F:IxH = H be a set-valued mapping as above. Let u : I — H be a solution of
(2.15) in the sense of Definition 2.2, associated with an extended real p > |luo||
and a positive Radon measure p satisfying (2.8). Let y,(-) be the associated
A-integrable selection of t — F(t,u(t)). Assume that p({t}) =0 and ||u(®)|| < p
for all t € I := [To,T) (this inequality being satisfied in particular whenever
p = +00). Then, given any positive Radon measure v absolutely continuously
equivalent to pu+ A, for v-a.e. t € I one has

‘du dX H<d,u

5(t)+yu(t)d—y(t) <7
In particular, if p is absolutely continuous with respect to A, so p is defined
by p(]s,t]) = v(t) —v(s), where v: I — [0,400[ is a non-decreasing absolutely
continuous function, then for Lebesque almost all t € T
du
dt

(1) -+ la(0)] ).

dv
< 200+ @)l

0+ .00)

Proof. The first statement follows directly from the above theorem. Assume
now that p is absolutely continuous with respect to A. Let v be a non-decreasing
absolutely continuous function such that pu(]s,t]) = v(t) — v(s) for all s,t € I
with s < t. We note that the Lebesgue measure A is absolutely continuously
equivalent to p + A. We can then apply the first statement with the measure A
to obtain a Borel set @ C I with A(Q) = 0 such that, for allt € I\ Q

du

= 0+ I

— () + yu(t)

<%
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Arguing in the same way as in Theorem 3.1 when the set-valued mapping F'
is null, we obtain the following proposition.

Proposition 3.5 Let N('; ) be the prozimal normal cone and, with I := [Ty, T],
let C : I = H be a set-valued mapping with nonempty closed values. Let
w: I — H be a solution of (2.7) in the sense of Definition 2.1, associated with
an extended real p > ||ug|l and a positive Radon measure p satisfying (2.8).
Assume that ||u(t)|| < p for allt € I := [Ty, T| (this being satisfied in particular
whenever p = +00). Then, with Iy := {t € I : u({t}) = 0}, given any positive
Radon measure v absolutely continuously equivalent to p, for v-a.e. t € Iy one
< d—“(t).

has
’ (t)‘ ~ dv

If in addition the solution u satisfies the condition

dﬂ
dv

lu(t) = u(t™)| < p({t}) for allt € 1,

d

then the above inequality concerning the norm of d—u(t) holds true for v-a.e.
v

tel.

Remark 3.1 Using, for the Fréchet subdifferential (see, e.g., [48] for the defi-
nition and properties), the well-known equality similar to the second equality in
(2.5) and modifying in a suitable way the proof of Theorem 3.1 with y,,(t) = 0,
one can see that the above proposition is still valid with the Fréchet normal
cone instead of the proximal one. |

The following theorem examines the case when the inclusion (2.14) is fulfilled
with a measure which is not assumed to be absolutely continuously equivalent
to the data measure pu.

Theorem 3.2 Let N(-;-) be the prozimal normal cone and let be given an ex-
tended real p > |lugl and a positive Radon measure u satisfying (2.8). Let
u: I — H be a right-continuous mapping of bounded variation on I := [Ty, T
with ||[u(t)|| < p for allt € I (which is satisfied in particular whenever p = +00).
Assume that there exists a positive Radon measure vy with respect to which the
differential measure du is absolutely continuous and such that

(a) u(t) € C(t) for allt € I;

(b) for vg-a.e. t €1,

d—“(t) € —N(C(t);ul(t));

dl/()
(¢) u(t) —u(t)|l < u({t}) for allt € I.

Then u is a solution (associated to the pair (p,p)) of the measure differential
inclusion (2.7).
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Proof. I) The measure vy being absolutely continuous with respect to the
Radon measure v := p + vy, by the Radon-Nikodym property of the Hilbert

du
space H it ensues that ——(-) exists as a density of the differential measure du

relative to the measure v. Then, there exists some Borel set N; C I with
v(N7) = 0 such that

du B du

du _ du dvo
dv’ dy

(t) - (t) forallt eI\ Nj.

d
Modifying if necessary the density mapping d—u() with the value 0 we may
Vo

suppose that

;L“(t) € —N(C(t);u(t)) foralltel.
Yo

Consequently, we can choose some Borel set No D N7 with v(Ny) = 0 such that
for each t € I'\ N (keeping in mind that N (C(t);u(t)) is a cone)

u(t) —u(s) _ du B .

Further, since p is absolutely continuous with respect to v, we may suppose that

d d

d—'u(t) exists for all ¢ € T\ Ny and that d—'u() is a density of u relative to the
v v

positive measure v. Fix any ¢ € I\ Ny with u({t}) = 0, so u is continuous at

t according to the assumption ||u(t) —u(t™)| < p({t}). Suppose for a moment

that %(t) # 0 and put

_ %(t) , so((t) € —8pdc(t) (u(t)), (3.2)

(0 = G0

du‘
t

where the inclusion is due to the second equality in (2.5).

IT) By definition of proximal subdifferential, we can choose some real o > 0 and
some neighborhood U of u(t) such that, for all z € U

(Ct),x = u(t)) < dog(x) = deg (u(t) + ollz —u(®)|*.

By the left continuity of u(-) at ¢, there is some so € I with s < t such that
u(s) € U for all s €]sg,t[. Combining this with the last inequality above we can
write for every s €]so, ]

(C(8),uls) = u(t)) < deg(u(s)) = dog (u(t)) + olluls) = u(t)|?
= do (u(s)) + ollu(s) — u(t)|”
<exc,(C(s),C(t)) + ollu(s) — u(t)]|

(the latter inequality being due to the inclusion u(s) € C(s)NpB since ||u(s)| < p
by assumption). It ensues that, for every t €]sg, t[

(C(t),u(s) —u(t)) < p(]s, 1)) + oflu(s) — u(t)|.

19



d
On the other hand, the existence of d—u(t) along with its non-nullity means that
v
the limit

lim (u(t) — u(s))/v(s,t])

st

exists and is non-null, so (recalling the convention % = 0) we may and do

suppose that the real so < t is such that the inequality v(]s,t]) > 0 is satisfied
for all s €]sg, t[. Consequently, for every s €]sg,t[ we derive that

u(t) —u(s)\ _ u(s, )
<C“)’ o(.1) >S o(st) T

hence taking the limit as s 1 ¢ gives

(e Ge0)y < P +o

where the latter inequality is due to the left-continuity of u at the chosen point

u(t) — u(s)
v(]s,])

\ ut) — u(s)]l

o)

[u(t) = u(t)]], i.e.,

du du
- < =

d
t. Since the inequality obviously holds if d—u(t) = 0, it results that
v

Take now ¢t € I\ Ny with u({t}) > 0, so v({¢t}) > 0 too. In this case we can
write by (2.13) and by the assumption (c)

du () — (O _ pde)  du
G0 ="t = v =

All together we have proved that

d d
From this inequality and from the property that d—u() and d—'u() are densities
v v

;h:(t)H < ;l—'llj(t) for all t € I\ Ny with u({t}) =0.

(t)-

d7u
dv

(t)H < %(t) for allt € T\ Ns.

relative to v of the vector measure du and the real measure p respectively, we see
that the vector measure du is absolutely continuous with respect to the positive
measure [.

d
IIT) The space H being a Radon-Nikodym Banach space, the mapping d—u is
m

well defined p-almost everywhere and it is a density of the vector measure du
relative to the measure pu. Taking into account the absolute continuity of the
measure p with respect to the measure v we can choose some Borel set N3 D Ny
with v(N3) = 0 such that for every ¢ € I \ N3 we have

du, . du

dp
5( )= @(t)*(t%

dv
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which implies that

du ,  du _
@(t)d—y(t) € —N(C(t);u(t)).
With P:={teI: Z—/Ij(t) = 0}, we have

u(P) = / 91 4y dw(t) = 0,

P dV
which gives, for @) := P U N3

0 < (@) < p(P) +v(Ns) =0.

d
Further, for every ¢t € I\ @ clearly d—'z(t) > 0, thus the last above inclusion

involving the normal cone N (C(t);u(t)) becomes

du

) € ~N(C:u(D),

so u(+) is a solution (associated with the pair (p, u)) of the measure differential
inclusion (2.7). m

Remark 3.2 The proof makes clear that the theorem is still valid with the
Fréchet normal cone in place of the proximal one. |

In view of the next theorem concerned with the situation of prox-regular sets,
we will need the next lemma from [32] (see also [12]) for such sets. Recall first
that, given an extended real r €]0, +00], a nonempty closed set S of a Hilbert
space H is r-proz-regular if and only if the distance function dg is Fréchet
differentiable on the r-open tube U, (S) defined by

U.(S):={zxeH:0<ds(z)<r}.

It is known (see, e.g., [64]) that this is equivalent to the single-valuedness and
continuity of the metric projection Projg on U,.(S). Many other properties of
the normal cone of S are known (see, e.g., [64, 27] and the references therein)
as verifiable criteria (that is, necessary and sufficient conditions) for the r-prox-
regularity of the closed set S. For example, S is r-prox-regular (see [64]) if and
only if the following hypomonotonicity property for the normal cone N¥(S;-)
holds true

1
(61— &, 21 —20) > —;Hﬂfl — z|?

for all z; € S and & € NP (S; ;) NB with i = 1,2. Furthermore, all the normal
cones of a prox-regular set S coincide, and at any point = with dg(x) < r all
the subdifferentials of the distance function dg coincide as well. It is also worth
recalling that any closed convex set of the Hilbert space H is r-prox-regular
with 7 = +o00. For operations on prox-regular sets, we refer to [5, 27].
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Lemma 3.1 Let S be an r-prox-reqular set of the Hilbert space H with r €
10,4+00]. Let x € S and & € ddg(x). Then, for anyy € H with dg(y) < r, one
has

€y~ o) < 2l — gl + ds(y).

Theorem 3.3 Let N(-;-) be the prozimal normal cone and let be given an ex-
tended real p and a positive Radon measure p satisfying (2.8). Assume that all
the sets C(t) (with t € I := [Ty, t]) are r-proz-reqular for some r €]0,+00] and
that p({t}) < r for allt € 1. Let w: I — H be a right-continuous mapping
of bounded variation with |[u(t)|| < p for allt € 1. Assume that there exists a
Radon measure vy with respect to which the differential measure du is absolutely
continuous and such that
(a) u(t) € C(t) for allt € I;
(b) for vg-a.e. t €1,

du

—(t —-N t);u(t));

o (t) € ~N(C(t)u(t))
(c) for some 0 <~y <1,

|u(t) —u(t™)|| < (yr)/2 for allt € 1.

Then, u(-) is a solution (associated with the pair (p,p)) of the measure dif-
ferential inclusion (2.7).

Proof. Consider the Radon measure v := pu+1vy. We proceed as in Step I in the
proof of Theorem 3.2 and we obtain ((t) € dpdc () (u(t)) For any s € I with
s < t the assumption of bounded retraction of C(-) along p-truncation (2.8) and
the assumption ||u(s)|| < p guarantee that

do(e) (u(s)) < exc,(C(s),C(1)) < ulls, 1),

hence de gy (u(t™)) < p({t}) < r. Then, we can choose some so < t in I such
that doy(u(s)) < r for all s €]sg,t[. From this and Lemma 3.1 it ensues, for
every s €]sg, t[

(C(8), ) — w0 < deg(u(s)) — de(u(®) + 2luts) — u(d)]?
= degey(u(s) + 2 u(s) ~ u(H)?
< plls, ) + - Ju(s) — (o)

Taking into account the existence of the limit 11%1 (u(t) = u(s))/v(]s,1]) as well

as its non-nullity, we may suppose that the real sy < t satisfies that v(]s,t]) > 0
for all s €]sg, t[. It results that, for every s €]so, t]

u(t) —u(s)\ _ pls.1) | 2
<<(”’ < >§u<1s,t1>+r

u(t) — u(s)
v(]s, 1)

] ut) - u(s)ll,
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hence taking the limit as s 1 ¢ gives

(e 50) < Lo+ 2| o] e - we
dp

<dy(t)+7‘;h:(t)H.

This entails that g p
U 14
— ()] < —(¢).
dy( )’ - dy( )

-]

d
Since the inequality obviously holds if d—u(t) =0, we deduce that
v

(1-7)

du(t)H < Z—'u(t) for allt € I\ Ns.
v

As in the end of step II of the proof of Theorem 3.1, from the latter inequality

and from the fact that Ci—u() and Z—u
v

tor measure du and the real measure p respectively, we derive that the vector
measure du is absolutely continuous with respect to the positive measure p.
We can then apply Step III of the proof of Theorem 3.1 to finish the proof.

(1) are densities relative to v of the vec-

Keeping in mind that closed convex sets of the Hilbert space H are r-prox-
regular with r = 400, the following corollary follows from the above theorem.

Corollary 3.2 Let be given an extended real p > |lug|| and a positive Radon
measure p satisfying (2.8). Assume that all the closed sets C(t) (witht € I :=
[To,T)) are convex. Let w: I — H be a right-continuous mapping of bounded
variation satisfying ||u(t)|] < p for all t € 1. The following assertions are
equivalent:
1. The mapping u is a solution associated to the pair (p,u) of the measure
differential inclusion (2.7);
2. there exists a Radon measure v with respect to which the differential measure
du is absolutely continuous and such that the following conditions (a) and (b)
hold:
(a) u(t) € C(t) for allt € I;
(b) for v-a.e. t €1,

du

E(t) € =N (C(t);u(t)).
3. the above condition (a) holds as well as the condition (b’):
(b’) for |du|-a.e. t €1,

du

W(t) € —N(C(t);u(t)).
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Proof. By the preceding corollary we know that the assertions 1. and 2. are
equivalent. Since the vector measure du is absolutely continuous with respect to
its variation measure |du|, the above equivalence tells us that the third assertion
implies the first.

Suppose now that u is a solution, so du is absolutely continuous with respect
to p and there is a Borel set N of I with p(N) = 0 such that

du

@(t) € —N(C(t);u(t)) forallte I\ N.
Then the variation measure |du| of du is absolutely continuous with respect to
u, and since du is absolutely continuous with respect to its variation measure
|du|, there exists a Borel set Ny D N with p(Ny) = 0 such that

du du . d(|dul)
— () = — for all I\ N;.
d/Jf (t) |du| (t) d;u' (t> orallte \ 1
. Cd(ldul) o\ ‘ -
Set P:={tel: o (t) = 0} and note by the absolute continuuity of |du|

with respect to p that

aulip) = [ A due) =

Noting also that |du|(/N1) = 0 since u(N1) = 0 and |du| is absolutely continuous
with respect to u, we obtain that |du|(N7 U P) = 0. On the other hand, from
what precedes and from the conical property of the normal cone we see that,
forallt e I'\ (N, UP)

du

W(t) € —N(C(t);u(t)).

This justifies that the first assertion entails the third, and finishes the proof. =

Taking p = +oo in the previous corollary immediately yields this other
corollary:

Corollary 3.3 Assume that all the closed sets C(t) in H are convex and let be
given a positive Radon measure y on I = [Ty, T| such that

exc(C(s),C(t)) < u(ls,t])  for alls,t € I withs <t.

Let uw: I — H be a right-continuous mapping of bounded variation. The follow-
ing three assertions are pairwise equivalent:
1. The mapping u is a solution of the measure differential inclusion

{ du € =N (C(t);u(t))
U(To) =Uup € C(To),

2. there exists a Radon measure v on I with respect to which the differential
measure du is absolutely continuous and such that the following conditions (a)
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and (b) hold:
(a) u(t) € C(t) for allt € I;
(b) for v-a.e. t €1,
du
1) € N (C):u);
3. the above condition (a) holds as well as the condition (b’):
(b’) for |dul-a.e. t €1,
du

W(t) € —N(C(t);ul(t)).

The latter corollary translates that for a solution, with closed convex sets
C(t) and under the (usual) bounded retraction of the set-valued mapping C(-),
there is no privilege of the property of absolute continuity equivalence to p.

With prox-regular sets a uniqueness result in the line of Proposition 3.4 can
also be established. Recall first a Gronwall-type lemma from [47].

Lemma 3.2 Let I be an interval in R and Ty € I. Let v be a positive Radon
measure on I, and g, : I — [0, 400[ be two functions such that g € L. (I, R,v)
and ¢ € LS (I,R,v). Assume that:

(i) for some fized 6 € [0, +00]
0<g@®)yw{{t}) <0<1 forallte€lTyT);

(1) for some fized o € [0, 00|

ot) <a+ /]T ) g(s)e(s)dv(s) for allt > Ty.

Then, for allt €|Ty, T] one has the inequality

o(t) < o exp (119 [ 9 du<s>> .

Proposition 3.6 Assume that, for some r €]0,400], all the closed sets C(t)
are r-proz-reqular for t € I := [Ty, T). Let f: I x H — H be a mapping Borel-
measurable in t and such that, for each bounded subset B of H there exists a
non-negative function £ € L*(I,\) for which the hypomonotonicity property

(f(t,z1) — f(t,22), 21 — 22) > —Lp(t)||z1 — 22|

is satisfied (as holds under the Lg(t)-Lipschitz property of f(t,-) on B).

Then the measure differential inclusion (2.15) with f in place of F and with
ug € C(To) as initial condition has at most one (right-continuous with bounded
variation solution) u(-) satisfying

sup_lu(t) —u(t7)] < 5
te]To, T
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Proof. Let ui(-) and us(-) be two solutions such that, for each i = 1,2

_ r
sup fus(t) = wi ()| < 3.
te|To,T)

Let (p;, u1;) the associated pair for u; and put v := py + ps + . For each ¢ = 1,2
by (2.16) we have, for v-almost all ¢ € T
dui
dv

(1) + 7t ua(1) T2 (6) € ~N (O ua(t).

Let B be a bounded set containing wu;(I) and us(I). Considering the non-
negative function g € L(I,R,v) given by

o(t) =2 [ij]a(t) to (Z(Vf;j" Ol + 15, (o) jj(t))ﬂ ,

2r
i=1

and proceeding as in [4, Theorem 6.1] we obtain that, for all ¢ € I

lu(t) — ua (1)|* < / 9(s) [lur(s) — uz(s)[|* dv(s).

1To,T)
Further, with v := 2 max  sup |lu;(s) — ui(s7)| < r we also see (as in [4,

i€{1,2} se]T,,T]
Theorem 6.1]) that, for v-almost every ¢t € I

0<gtv({t}) <~v/r<1.

From this and Lemma 3.2 it results that |lui(t) — u2()||> < 0, which finishes
the proof. m

4 Existence theorem

The following lemma from Moreau [56, Lemma 1(2a)] will be used in the proof
of the existence theorem below.

Lemma 4.1 Let S be a nonempty closed convex set of the Hilbert space H.
Then, for all x,y € H one has

lz = proj (y, $)|I* = ll= — ylI* < 2d(x, S) d(y, S).

A fundamental stability property of the directional derivative of the distance
function from a moving convex set will also be needed.

Proposition 4.1 Let C : I =% H be a set-valued mapping with nonempty closed
convex subsets of the Hilbert space H. Assume that there exists a Radon measure
w on I such that, for some p €]0, +o0]

exc, (C(s), C(1)) < p(ls,t])  for alls,t € I with s <t.
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Lett €I and T € C(t), and let (t,), in I with t, >t and p(Jt,t,]) — 0, and
let (xn)n converging to T with x,, € C(t,). If |Z|| < p, then for every h € H

lim sup d'C(tn) (xn;h) < d/(;(g) (T3 h).

n—r oo

Proof. Since lim,_,z proj (z,C(¥)) = z, for z near enough to Z we note that
llproj (z, C(%))]| < p, which entails for such elements x

proj (z, C(t)) = proj (z,C () N pB), hence d(z,C(t) N pB) = d(z,C(t)).

Let (tn)n and (z,)n be as in the statement. Fix any h € H. Then, for each real
7 > 0 small enough, by (2.6) we have for all n

() (@5 ) < 7 gy (n 4 7h) < 77 (o = 2l 4 dog,) (2 + 7))
< 77 (e — 7l + d(z + 5. O 1 pB) + (. 1))
=+l — 3l + doi(@ + 7h) + H(E 1))

where the first inequality is due to (2.3) and the third to (2.6). It follows that,
for 7 > 0 small enough

hrILILSogp Ao,y (@nsh) < T Yo (z+Th) =7" (dc({) (T +7h) —deg) (f)),
which ensures the desired inequality
lim Solép d/C(tn) (xn;h) < dl()({) (Z; h).

n—

We can now prove, using some ideas from Moreau [56], the theorem concern-
ing the above measure differential inclusion. The case of prox-regular sets C(t)
will be studied elsewhere.

Given a sequence of positive reals (e,,),>1 with €, | 0, we will have to
consider in the proof, for each n > 1 a sequence (&, ;);>0 such that

oo oo
Enj < €n, an,j =400 and 2:(5%]')2 <1/n.

Jj=0 j=0
(oo}
Setting S := > ﬁ7 such a sequence (&,,;);>0 is obtained, for example, with
3=0
— i 1 n
En,j = mln{m, % .

Theorem 4.1 Let C(-) : [Ty, T] = H be a set-valued mapping from [Ty, T) into
the nonempty closed convex subsets of the Hilbert space H, and let ug € C(Tp).
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Assume that there exist a positive Radon measure p on I := [Ty, T], a real
po > |lug|| and an extended real p > po such that for all s,t € I with s <t

exc,(C(s),C(1)) < p(ls,t]),

and such that for all t1 < --- <ty in I the inequality

[ (r0j cieiy © <+ 0 P10j ces)) (o) | < o

18 satisfied.
Then, the following sweeping process

{ du € —=N(C(t);u(t))
U(To) = Up

has one and only one right continuous with bounded variation solution.
Furthermore, the solution u(-) satisfies the inequality

lu(t) —u(s)|| < u(]s,t]) foralls <tinl,

and for allt € T
l[u(@)]| < min{po, [uoll + p(To, T1)}-

Proof. The uniqueness follows from Proposition 3.4.

Let us prove the existence.

If u(]70,T]) = 0, then C(Tp) N pB C C(¢t) for all t € I, so the constant
mapping u(-) with u(¢t) := ug for all ¢ € I is the solution.

From now on, we suppose that p(]7p,7]) > 0. As in Moreau [56] (see also
Castaing and Monteiro Marques [20]), consider the function v(-) : I — R defined
by

v(t) == p(]To, 1))
and set
V iz oT) = u(]To, TI).

The function v(-) is non-decreasing and right continuous with v(Tp) = 0. Let
(en)n>1 be a sequence of positive reals with &, < u(]7p,T]) and €, | 0. For
each integer n > 1, fix a sequence of positive reals (e, ;);>0 such that

Enj < €n, an’j = +oo and Z(snyj)z <1/n. (4.1)
j=0 j=0
Let, for each n € N, a partition 0 = Vj* < Vj* <--- <V =V such that
jT-Li-l _V;n Sgn,j < En, v.]:Oa 7qn_17 (42)
and {V{,--- ’qu} c {VO"“,--- ’Vn+1

qn+4+17J°
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Put Vi, =V +eéng,. For each n € N, consider the partition of I associated
with the subsets

JJn = v_l([‘/jnv jﬁ*l[)? j: 0,1,"' ydn s

and note that (J;")j, is a refinement of (JI')f~, whenever m > n. Since

v(-) is non-decreasing and right continuous, it is easy to see that, for each
J=0,1,--+,gn, — 1, the set J;" is either empty or an interval of the form [r, s|
with r < s. Furthermore, we have either J;! = {T'} or J;' = [r,T] for some
r < T. All together produce an integer p(n) € N and a finite sequence

To =t <t} < <ty =T
such that, for each i € {0,--- ,p(n) — 1}, there is some j, (i) € {0,---,¢,} for
which 7', 87,1 [= J} ;) if i <p(n)—1and [t 874 [= J7 , \{T}if i = p(n) — 1.
It ensues that
and that by (4.2), for any ¢ € {0,--- ,p(n) — 1},

p(ti ) = v(t) —o(t]) < enjne) <en forallt e [t ],
which entails in particular
/L(]t?7t?+l[) < 5n,jn(i) < é&n. (44)

Now, put ug := up and u} := proj ¢(;m(ug), and define by induction {u] :
i=0,---,p(n)} such that

ui'yy = projcqr, ) (ui'), foralli=0,--- p(n)—1. (4.5)
By assumption we have
lu|| < po forallie {0,---,p(n)—1}. (4.6)

Taking (4.5) into account, we derive from the inequality |Jug|| < p and from the
retraction assumption of C(-) along p-truncation that

[ = ugll = deey) (ug) < exc, (C(t5), C(17)) < (] To, 7))
By the inequality [|u}| < po, the retraction of C(:) along p-truncation again

gives
luy — il = deag) (ul) < exc,(C(t1), C(t3)) < u(ty, t3)).

We then obtain by induction for all i =0,1,--- ,p(n) — 1
luipy — uf|| < p(td 1)) < enjugy < en- (4.7)

The rest of the proof is divided in several steps.
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Step 1. Construction of a Cauchy sequence of step mappings (U, (+)).
For each integer n > 1 define the step mapping U, : [To,T] — H by U,(T) =
“Z(n) and

Un(t) = ift e [t ][ withi € {0,---,p(n) — 1},
and observe that U,(+) is right continuous (and of course with bounded vari-
ation). In order to prove the Cauchy property of that sequence, fix any real
n > 0 and choose an integer N > 8/n?. Take any integer n > N. Fix any
i€{0,---,p(N)—1}. Let

< <k, <tk S
with 7 = ¢V and t7, =t} . Denote by x}¥ := Un(t}') the constant value of
Un(-) on [tV tN [ and denote, for each j = k,--- ,k + ky, by
y; = Un(t}) the constant value of Uy (-) on [}, ] .
Then, for each j = k,---,k + k, — 1 we see that yj'\; = proj (yf,C(t?+1)),
hence Lemma 4.1 yields
o — a2 = o — g1 < 20 (Y, CCE )] CEs).
It ensues that, for any p =0,--- |k,

k+p—1

o = il = el =y l? <2 Y d(a), C(t70))d(yf, Ct]10),  (48)
j=k

with the convention that the latter sum and the similar ones below are zero for
p = 0. Since z¥ € C(tVN) = C(t}) (keep in mind that ¢} = tIV), we can also
write by (4.6) and by the assumption of retraction along p-truncation, for every
jef{k, - k+k,—1}

d(@, O(t7,1)) < excy(C(17), C(t711)) < plth, t14]) < u(tY, t154]).

From this and the inequality [y} < po (see (4.6)) we deduce, for any p =
0,1,-+- kn—1

k+p—1 k+p—1
Jj=k j=k

k+p—1

< u(tN 400]) D exe, (C(t)), C(t),y))

j=k
< (u(tN D),

where the latter inequality is due again to the assumption of retraction along
p-truncation. Taking any ¢ € [t¥,¢Y [, this and (4.8) ensure that

|UN(#) = Un(®I = 108 () = Un (I < 2t 22540)° < 2(€N,jN(i)():-9)
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Keeping in mind that %, = ¢}, , we note that C(t%,) = C(t},, ) and that

1UN () — (tm)ll
= ||proj (UN C(t1)) = proj (Un (i sk, —1), Cte,))
= [|proj (U t2+1)) — proj (Un( Z+kn71) cft z+1))||
< |UN(Y) ~ Un( ke~ DI = 1UN 3k, —1) = Un (g, —2)
where the latter equality follows from the constant property of Un (-) on [t tﬁl[

and from the inclusion ¢, | € [tN,tN [ Combining this with (4.9) and using
the inclusion ;€ [t), 1)} ,[ again, we derive that

1UN (%) = Un (5 )17 = [UN () = Un (8]
<NUN (k1) = Un(g,— DI = NUNEY) = Un (@)1 < 2(enjn@)*

Iterating this argument we obtain with £ =1,--- i+ 1
1UN (") = Un(t)II* = 10N (t021) = Un (822111 < 2(en v e-1)*.

This and (4.9) furnish for all ¢ € [t), ¢ ] the inequality

1UN() = Un®)]? = 1UN(t) = Un(@)II” = [Un(85") = Un(t)]?
l=i+1
<2 (enn)® <2/N <1 /4,
£=0

where the second inequality is due to (4.1) and (4.3). It then follows, for any
n > N and any m > N

U, () = Un(t)|| <n forallte [To,T],

which justifies the Cauchy property of the sequence (U,(+)), with respect to the
norm of uniform convergence, so this sequence converges uniformly on [Ty, T
to a mapping u(-), and (4.6) and the definition of U, () entail that ||u(t)|| < po
forallt € 1.

Step 2. Construction of another sequence (uy,(+)) of right continuous mappings
with bounded variation.

First, we note in the case when p(Jt?,¢%, ,]) = 0, that ex,(C(t?), C(t} ) =
0, which means that C(t7') N pB C C(t},); in such a case, it then results,
according to the inequality |[ul’]] < po (see (4.6)), that

ui € C(ty) N pB C Ot 1), sou; =upq, (4.10)

keeping in mind that u,; = proj (ul’, C(t1")).
Following [56] (see also [20]), define the mapping u,,(-) : I — H by u,(T) :=
U;L(n) and if p(]tf', 174 4]) =0

un(t) = ujf

for all t € [t', ¢}, 1],
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i a(]E7, 24]) > 0

Q)
p(er tr,)

According to (4.10) we can write

un(t) = ul + for all t € [t t7 [

up(t) = ui =wuj, forallt e [t ¢ ], if p(Jty, 2} ]) =0, (4.11)
and by what precedes we can also write

p(t?, 1) (ul ny

1) = YY)
) = Ly e

for all £ € [£7,¢7,,], if p(t7,7,,]) > 0.

(4.12)
We observe on the one hand that u, () is right continuous on I and u, () =
U,(t?) for all i = 0,--- ,p(n), and on the other hand, thanks to (4.6) again,

lun ()| < po for allt e I. (4.13)

Further, the definitions of u,(-) and U, (-) combined with (4.7) give, for every
t ety ti, [, that [|u,(t) — Un(t)|| < €n. Therefore,

llun(t) — Un(t)|| <&, foralltel,

so by Step 1 the sequence (uy,(-)), converges uniformly on I to the mapping
u(+) obtained in Step 1.

On the other hand, the definition of u,(-), through (4.11) and (4.12), can be
rewritten, for any t € I, as

U (t) = un (Tp) + / Cn(s) dpu(s),
]T(Jvt]
where (,(To) = 0 and if p(]t}, 7, 1]) = 0 we have (,(t) = 0 for all ¢ €]t?, ¢} ],
and if p(Jt7, 7 ]) >0

Calt) = LUl e g ] (4.14)

e ) v '
Consequently, each mapping u, (+) is right continuous with bounded variation on
the whole interval I. The latter equality tells us also that the vector measure
du, has the latter integrand (,(-) as a density relative to p, so by the first
equality in (2.11)

du,

d—() is a density of du,, relative to p,
n

and, for u-almost every t € I,

—(t) = Galt). (4.15)



Taking the definition of (,(¢) and (4.7) into account, it results that

According to this inequality, extracting a subsequence if necessary we may and
do suppose that the sequence ((n = dd“;)n converges weakly in Li([ ,H) to

some mapping ((-). From this and the equality

CZ’Z@)” @O <1 p—aetel (4.16)

wn) =0+ [ G du),
]T0>t]
we get for every t € 1
u(t) = ug + / C(s)du(s).
]T07t]

This says in particular that the mapping u(+) is right continuous with bounded
variation and that it admits the mapping ((-) as a density relative to p, so
du () = ¢(-) p-almost everywhere and

m

u(t) = wuo —|—/ d—u(s) du(s) foralltel.
To

Note that (4.16) also entails that H%(t)” <1 for p-almost all ¢ € I, hence
llu(t) —u(s)]| < u(]s,t]), for all s,t e I withs <t,

which is the desired inequality property of the theorem. Further, this inequality
clearly yields for every t € I that

[u@)|l < lluoll + p(1To, T1), so [lu(@)]| < min{po, [[uoll + p(To, T1)}-
Now, for each n € N define the function 6,,(-) : I — I by 0,,(Tp) := Tp and
On(t) =ty it €]t t744] (0 <i <p(n) - 1), (4.17)
and note by (2.1), (4.14) and (4.15) that, for py-almost every ¢t € I,

_ duy,

Cn(t) = E(t) € _N(C(en(t))§un(9n(t)))'

This yields according to (2.4) and (4.16), for y-almost every ¢t € T

du,,
w(t) € —6dc(9n(t))(un(0n(t))), (4.18)
so we can follow the idea (introduced in our paper [72]) of reduction of some
aspects of sweeping process to a suitable differential inclusion associated with
the subdifferential of the distance function to the moving set.
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Define also the function 6,(-) : I — I by 6,(T) = T and 6,(t) = 7 if
te [t tial

Step 3. Let us prove that u(-) is a solution.
We have already established above that the differential measure du is absolutely
continuous with respect to .

Let us show that u(t) € C(t) for all ¢ € I. First, for each ¢ € I, writing by
(4.16)

[t (6 (1)) = w(@)| < llun(t) = w(®)] + u(t, 0n(1)]),

we see that, as n — oo,
Up (O (t)) = u(t). (4.19)

Similarly, writing
l[tn (6 (£)) = w(®)]] < fun(t) — u(@)]| + u(]0n(t), 1)),
we get for any point ¢ where p({t}) = 0 that
Un (0n (1)) = u(t) asn — oo. (4.20)

Fix any t €Ty, T[. If p({t}) = 0, we note from the retraction of C(-) along
p-truncation, from (2.6), and from the inclusion u, (6, (t)) € C(5,(t)) N pB (see
(4.13)), that

do(e) (un(6(1))) < d(un(0n(t)), C(0n(t)) N pB) + p(]0n (1), 1]) = (10 (1), 1])-

If u({t}) = 0, it then results that u(t) € C(t) according to (4.20) and to the
closedness of C(t).

Suppose now p({t}) > 0. Here, the above construction of the sequence of
mappings (Up(+))n will be involved in a fundamental way. For each n € N there
is some 4, € {0,---,p(n) — 1} such that t € [t} ,#7 ,,[. Choose k € N such that
en < p({t}) for all n > k. This and the inequality u(Jt? ,t7 ,1[) < &, in (4.4)
entails for every n > k that ¢ ¢]t7 ,t7 ,[. Consequently, for every n > k we
have ¢ =t} , so

Unlt) = Unlt2) € (1) = ().
Combining this with the convergence U, (t) = u(t) and with the closedness
of C(t), we obtain u(t) € C(t).

Since U, (Ty) € C(Tp) and U, (T) € C(T') by the construction of U,, we also
have u(Ty) = up € C(Tp) and u(T) € C(T), so u(t) € C(t) for all ¢t € I.

It remains to show that

%(t) € —=N(C(t);u(t)) p—ae tel,
which will be obtained in a standard way.

Since the sequence (¢, (-))n converges weakly in L2 (I, H) to {(-), by Mazur’s
lemma there exists a sequence (&,(-)), converging strongly in L2 (I, H) to ¢(-)
with

&n(r) econv{(y: k>n}, forallneN.
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This sequence (£,(+)), has a subsequence (that we do not relabel) converging -
almost everywhere to ((+), hence, there is some Borel set Iy C I with pu(I\Ip) =0
such that, for all t € I,

¢(t) € (oo {¢u(t) : k> n},

where conv denotes the closed convex hull in H. Fixing any ¢ € Iy and any
h € H, it results from (4.18) that

(=¢(),h) < inf :1>1p<_Ck(t)7 h) < lim sup Ao, 1)) (Un (0 (t)); ),

and, since 0,(t) > t with u(]Jt,0,(t)]) — 0 and u,(0,(t)) — u(t) (see (4.19))
with u, (60, (t)) € C(0,(t)) and u(t) € C(t) and since [lu(t)]| < po < p (see
(4.13)), Proposition 4.1 implies that

(=C(t),h) < dypy (u(t); ).

The latter inequality means, for each ¢ € Iy, that —((t) € Odc()(u(t)). Since
u(t) € C(t), the first equality in (2.4) yields

du

@(t) = ((t) e =N (C(t); u(t)),

which finishes the proof of the theorem. m

The solution mapping u : I — H in the above theorem being with bounded
variation we know that u(¢™) := limgy u(s) exists for all ¢ €]Tp, T], where we
recall that s ¢ means s — ¢t with s < t. The next corollary provides the link
between u(t~) and the set C(t).

Corollary 4.1 Under the assumptions of Theorem 4.1, the solution u(-) of the
measure differential inclusion of the theorem enjoys the properties

lu(t) = u(t)| < p({t}) and  u(t) = proj o (u(t™))  for allt )Ty, 1.

Proof. Fix any ¢ €]Tp,T]. We know by Theorem 4.1 that [|u(t) — u(s)| <
w(]s,t]) for all t €Ty, T, so |lu(t) —u(t™)|| < wp({t}). This says in particular
that, if u({t}) = 0 we have u(t™) = u(t), hence u(t) = proj o (u(t™)) since
u(t) € C(t) according to the definition of a solution. Suppose now that p({t}) >
0. It results from (2.12) that

du, . .. du(lt—nrt]NI)  u(t) —u(t")
@(t) =

ro du(t —r. 8| N1 u({t})

Since p({t}) > 0, Definition 2.1 again entails that at this point ¢ we must have
t) —u(t™
(t) € =N(C(t); u(t)), hence ult) — u(t”)

d7u U
n({t})

an € —N(C’(t);u(t)),
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so according to the cone property of N (C(t);u(t)) we deduce that
u(t™) —u(t) € N(C(t);u(t)).
This and (2.2) guarantee that u(t) = proj ¢ () (u(t‘)), which finishes the proof.

Under the convexity of the sets C(t) we know by Corollary 3.2 that there
is no privilege of measures absolutely continuously equivalent to the measure
associated with the p-retraction.

In addition to that property and to Corollary 4.1 let us establish through
Proposition 3.1 another corollary relative to the absolute continuity setting.

Corollary 4.2 Let C : I = H be a set-valued mapping with nonempty closed
convex sets of the Hilbert space H and let ug € C(Ty). Assume that there are
a non-decreasing absolutely continuous function v : I — Ry, a real pg > ||uol|
and an extended real p > po such that

exc, (C(s),C(t)) <wv(t) —v(s) foralls<tinl,
and such that, for all t; < --- <ty in I the inequality

[1(proj c e,y © -+ 0 proj sy ) (wo) || < po
s satisfied.
Then the differential inclusion
{ G(t) € =N(C(t);u(t))
u(To) = Uo,

has one and only one usual absolutely continuous solution.
Furthermore, the solution u(-) satisfies the inequality

lu(®) — u(s)]] < v(t) —wv(s) foralls<tinl,
and one has for allt € I
[[u(®)]] < min{po, [[uoll + v(T) = v(To)}-
Proof. Counsider the positive Radon measure p on I = [T, T| defined by
u(]s, t]) = v(t) — v(s), for all s,¢t € I with s <.

With this measure p at hand, Theorem 4.1 tells us that the measure differential
inclusion (2.7) has one and only one solution u(-) in the sense of Definition 2.1,
and this solution satisfies the inequality ||u(t) — u(s)|| < wu(]s,t]) for all s < ¢ in
I. Noting that p is absolutely continuous with respect to the Lebesgue measure
according to the absolute continuity of v(-), Proposition 3.1 guarantees that u(-)
is the unique usual absolutely continuous solution of the differential inclusion of
the theorem. m

From Theorem 4.1 and Corollary 4.1, we can derive one of the results of
Moreau [56] (see Proposition 3.b in [56]).
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Corollary 4.3 (Moreau [56]) Let C : I = H be a set-valued mapping from
I := [Ty, T) into the nonempty closed convex subsets of the Hilbert space H, and
let ug € C(Ty). Assume that there exists a positive Radon measure p on I such
that, for all s,t € I with s <t

exc(C(s),C(1)) < p(ls,t]).
Then, the following sweeping process

{ —du € N(C(t); u(t))
’LL(T()) = Up

has one and only one right-continuous with bounded variation solution.
Furthermore, the solution u(-) satisfies the inequality

[lu(t) — u(s)|| < p(]s,t]) for alls,t € I with s <t.
In particular, for allt € I one has
Ju(t) —u(t™)| < p({t}) and |lu®)|] < lluoll + n(1T0, 7).

Proof. Let pg := ||ug|l + p(]Z70,T]). Consider any t; < --- <t in I and put
r; = p(]ti—1,t]) for i =1,--- |k, where ¢y := Tp. Put also

Ui = PIOj ¢(ty) © - -+ © Proj ¢,y (uo) fori=1,--- k.

From the inclusion ug € C(to) and the inequality exc(C(to), C(t1)) < 71 we see
that

lur]l < [Juoll + lluo — uall = [luoll + de e,y (uo)
< luoll + exc(C(to), Ct1)) < |luoll + 71

Similarly, from the inclusion u; € C(t1) and the inequality exc(C(t1), C(ts)) <
ro we obtain |lug|| < |Juil] + r2 < |lug|| + r1 + r2. By induction it follows that

luk|l < [Juoll + 71 + -+ + & = [Juoll + p(]to, tx]) < po-

Consequently, the positive Radon measure p, the above real pg and the extended
real p := +oo fulfill the conditions in Theorem 4.1. The corollary then follows
from that theorem and Corollary 4.1. =

Various examples fulfilling the conditions of the above corollary have been
given by J.J. Moreau, e.g., in [53, 54]. Notice in passing that, given any closed
convex set S and any right-continuous with bounded variation mapping ¢ :
[To,T] — H, the sets C(t) := ((t) + S satisfy the conditions. Indeed, for any
s,t € [Ty, T] with s < t it is easily seen that

var (C(s), C(t)) < [1¢(s) = )l = (dC) (s, D] < [dC] (s, ]),
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where we recall that |d¢| denotes the variation measure of the differential mea-
sure d(.

We proceed now to provide some existence results under some conditions
on the mapping t +— projc((a) (with some a € H) ensuring the bounded
retraction along p-truncation of C(-). For this, we will use some main ideas
from [25]; see the statement of Theorem 2.1 therein.

Theorem 4.2 Let C : I = H be a set-valued mapping with nonempty closed
conver sets of the Hilbert space H for which there exists some a € H such that
the mapping t — proj ¢y (a) is of bounded variation, that is,

n
W = var (proj c((a); I) = sup (D _[Iproj o(e,,,) (@) — proj o, (a)]]) < +oo,
i=1

where in the supremum n € N and t; < --- < t,, in I. Let also uy € C(Tp).
Assume that, for the real number

po = lluo —all + W+ sup [[proj ¢ (s (a)l],
te

there exists a positive Radon measure p on I and an extended real p > py such
that, for all s,t € I with s <t

exc, (C(s), C(1)) < pu()s. 1)),

Then the sweeping process

{ —du € N(C(t); u(t))
U(To) = Ug

has one and only one right-continuous with bounded variation solution.
Furthermore, the solution u(-) satisfies the inequality

lu(t) —u(s)|| < u(]s,t]) foralls <tinl,
and for allt € T
Ju(t) —u(t™)| < p({t}) and [lu@®)] < min{po, [[uoll + p(1To, T1)}-
Proof. Let t; < --- <ty in I and put
u1 := proj o(s;) (o), and u; 1= proj ¢, (ui-1),
fori=1,--- k. For each i € {0,1,---  k} put

Yi,i *= proj C(ti)(a)v Yiji—1 = (PI“OJ C(t;) © proj C(ti,l)) (a),---,
Yi,0 = (proj C(t;) © "+ * © PIoj c(to))(a)7

38



so fixing any i € {1,--- ,k} we see that, for every j € {0,--- ,i — 1}

Yi,541 — Yisll

< |lproj ¢ty © - © Proj ¢(t,,1)(@) = Proj o(s,) © *+* © Proj o(t;4,) © Proj o,y (a) |l
< lproj ¢(t,.1) (@) = Proj c(t,, ) © Proj ¢ (i) (a)ll

= |lproj c(t,41) © Proj c(t,4,)(@) = Proj (s, 1) © Proj c(t,) (@)l

hence
lyij+1 — il < IProj e, ., (a) — proj o,y (a)ll-

Thus, it ensues that

i—1

s = il < (Dllgraen = wiall) + llgso — wil

§=0
i—1
< (3o Iproj e,y (@) = proj ey (@) + llyio — il
j=0
< W + lyio — will-
On the other hand, since ug = proj C(to)(uo), we also have

lyi,0 — will = [IProj c(t,) © - - - © Proj ¢ (ty) (@) — PrOj ¢4,y © -+ © PrOj c:(zy) (wo) ||
< |la — uo]|.

Consequently, we obtain
lui — yiill < W + ||Jug — all.

Observing that

yi,ill = llproj o,y (@)l < sup [[proj c(x)(a)ll =: 7,
it results that

lluil| < v+ W+ ||lug —a| forallie{l, - k}.
We can then apply Theorem 4.1 to derive the corollary. m

From the above theorem and from Proposition 3.1 we directly derive the

following corollary which is in the line of Theorem 2.1 in [25] and Theorem 3.1
[74].

Corollary 4.4 Let C : I = H be a set-valued mapping with nonempty closed
convez sets of the Hilbert space H for which there exists some a € H such that
the mapping t — proj () (a) is of bounded variation, and let

W= Var(proj C(,)(a);l) < 4o00.
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Let also ug € C(Ty). Assume that, for the real number

po = |lug —al| + W + Sul? lproj ¢ (s (a)ll,
te

there exists a mon-decreasing absolutely continuous function v on I and an ez-
tended real p > po such that

exc,(C(s),C(t)) <v(t) —v(s) for alls,t € I withs <t.
Then the sweeping process

{_germww)
u(To) = Uo

has one and only one usual absolutely continuous solution on I.
Furthermore, the solution u(-) satisfies the inequality

lu(t) —u(s)|| <wv(t) —wv(s) foralls<tinl,
and for allt € T

[u(®)|| < min{po, luoll + v(T) = v(To)}-

Clearly the assumption of bounded variation concerning the mapping t —
proj c()(a) (for some a € H) is fulfilled whenever there is a common point a in
all the sets C(¢).

Another example is furnished by the following proposition strongly inspired
from Theorem 4.1 and Lemma 4.2 in [74] and from Corollary 2.2 and Proposition
2.3 in [25]. The example involves a mapping ¢ : I — H with bounded variation
on I := [Ty, T] as well as the positive variation measure |d(| of its associated
differential measure d(.

Proposition 4.2 Let ( : I — H and B : I — R be two right-continuous with
bounded variation mappings on I := [Ty, T] with ||C(t)]| = 1 for all t € I, and
let

Co(t) :=={x € H: (((t),x) = B(t)} Ci(t) :={z e H:(C(t),x) < B()}.

Then, for each i = 0,1 the mapping t — proj ¢, ) (0) is of bounded variation on
I and, for any real p > 0 one has, for all s,t in I with s <t

exe, (Ci(s), Ci(t)) < p /] Jact+ /] ,1481= (pldc| + 1431) 5.0

In particular, for each i = 0,1, given u; o € C;(Ty) the sweeping process

differential inclusion
{ —du € N(C;(t); u(t))
u(To) = U4,0

has one and only one right-continuous with bounded variation solution.
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Proof. Let us start with ¢ = 0. For any ¢ € I it is known that

[(C(t), x) — B(D)]
1@

so d(0,C(t)) = |B(t)]. Since B(t)((t) € Co(t), it follows that projc, (0) =

B(t)¢(t), hence the mapping ¢ — proj ¢, (0) is of bounded variation on the

bounded interval I = [Tp, T].

Given any real p > 0 and any s,t € [ with s < ¢, from the first equality
above we also have, for every x € Cy(s)

d(z,Co(t)) = [(¢(t), =) — B(t))|
= [{C(t), =) — B(t) — ((¢(s), ) — B(s))]
<zl 1) = <o)l + [B(E) = Bls)l;

which entails for every x € Cy(s) N pB that
/ d¢
]87t]

Sp/]s,ﬂ' <'+/M| 81 = (pldc]| +1dB|) (]s, 1)

d(w, Co(t)) = = [{¢(#), ) = B@)],

d(z, Co(t)) < pllC(t) = C(s)]| +18(t) = B(s)| = p +

Lo
Is,t]

Therefore, we see that, for any s,t € I with s <t

excy (Co(s), Co(t)) < (pldC| + [dBI) (Js, 1))

Concerning the other case i = 1, observe first that, for 0 € C;(t) we have
d(O, Cl(t)) = 0, and for 0 € Cl(t)

[(¢(2), 0) — B(1)]
d(0,C1(t)) = —=————=—=|B(t)],
so in any case d(0,C1(t)) = (- B(t))+, where r* := max{r,0}. This and the
inclusion —( — B(t)) "¢(t) € Ci(t) yield that proj e, ;) (0) = —(— B(1)) " ¢(t).
In particular, this says that the mapping ¢ — proj ¢, (1) (0) is of bounded varia-

tion on I = [Tp, T], since the function ¢ — (— 6(t))+ is of bounded variation
according to the Lipschitzian property over R of the function r + rt.
On the other hand, note that, for any s,t € I and any = € C;(s) with
z & Ci(t)
(C(s),x) — B(s) <0 and (((t),x) — B(t) >0,

which gives

= (C(t), ) — B(D). (4.21)
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Consider now any real p > 0 and any s < ¢t in I. For any x € C;(s) N pB with
x & C4(t), it results from the latter equality that

d(z, C1(t)) = (C(t) = ¢(s), ) = (B(t) = B(s)) + (C(s), ) — B(s)
< {C(t) = ¢(s), ) — (B(t) — B(s)),

hence we see as above that
d(z, Cy(t)) < pllC(t) = ()l + 1B(t) — B(s)]
< d¢| + dp| = (pld¢| + |dB ,t]).
pA] | /]S,t]| | = (pld¢] + 1481) (s, 1)

This and the equality d(z, C1(t)) = 0 when z € C1(%) justify that, for s <t in I

excy (C1(s), C1 (1)) < (pldc| +1d1) (s, 1)

Consequently, putting

)

W, = var(proj Ci(_)(O);I) and  p; 0= [Juo| + Wi + stug) lproj ¢, +)(0)][,
€

and taking any real p > p; o, the assumptions of Theorem 4.1 are satisfied. The
conclusion of the same theorem then finishes the proof. =

First, we must emphasize that, in general, for such sets C(t) like in the
statement of Proposition 4.2 there exists no positive Radon measure p on I =
[To, T) satisfying

exc(C(s),C(t)) < p(]s,t]) foralls <tinl.

Take for example C(t) as C;(t) in Proposition 4.2. If for some s,t € I with
t > s we have ((t) € R1((s), then there is some Z € H with (((s),Z) < 0 and
(¢(t), ) > 0. Fixing a point z € C(s) and setting x,, := z + nZ, it is clear that
x, € C(s) for all n and that (¢(t),x,) — 400 as n — oo. Therefore, we obtain
x, & C(t) for large n and by (4.21)

d(zn,C(t)) — +o0 asn — oo, thus exc(C(s),C(t)) = +oo.

Recalling that the measure of any compact set by a Radon measure is finite,
the latter equality confirms that there is no positive Radon measure p such that
exc(C(s), C(t)) < u(]s, t]) for all s,t € I with s < t.

It is also worth pointing out that the proof of Proposition 4.2 makes clear
that, if the mappings ((-) and 3(-) are absolutely continuous (resp. Lipschitzian)
on I, then (for each i = 0,1) the solution of the sweeping process in that
proposition is a usual absolutely continuous (resp. Lipschitzian) solution.

Conclusion. After establishing various general basic properties of solutions of
convex as well as nonconvex sweeping processes with bounded truncated retrac-
tion, we proved in Theorem 4.1 and Theorem 4.2 the existence and uniqueness
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of solutions under general verifiable assumptions for convex sweeping processes
with bounded truncated retraction. Proposition 4.2 illustrates (as in [25, 74])
the case of unbounded polyhedral convex sets C(t), and the comments following
that proposition show that for such sets the control of the retraction in the form

exc(C(s),C(t)) < p(ls,t]) fors <t

with a positive Radon measure p fails in general. This confirms the interest and
motivation of the analysis of convex sweeping processes whose some suitable
p-truncated retraction ¢ +— ret,(C;Tp,t) (and not the usual retraction ¢
ret(C; Tp,t)) is bounded. The study of existence results in the framework of
sweeping processes with prox-regular sets C(t) such that ¢ — ret,(C;Tp,t) is
bounded will be the subject of another paper.
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