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Abstract

As for Moreau envelopes of primal lower nice as well as prox-regular
functions, Moreau s-envelopes of s-lower regular functions have been
proved in our paper [17] to have several remarkable differential prop-
erties and to have many important applications. Here we provide a
subdifferential characterization of extended real-valued s-lower regu-
lar functions on Banach spaces in terms of a hypomonotonicity-like
property of the subdifferential.

Keywords. Subdifferential, lower regular function, convexly composite
function, primal lower nice function, hypomonotonicity

1 Introduction

In his 1990 paper [28] R.A. Poliquin showed that an extended real-valued
proper lower semicontinuous function f : R" — R U {400} is convex if and
only if its proximal subdifferential dp f is monotone in the sense that for all
(x;, () in R™ x R™ with (; € 0pf(z;), ¢ = 1,2, the monotonicity inequality

<C1 - CQ,l’l —.T2> >0
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is satisfied; for the extension of that subdifferential characterization to Ba-
nach space, we refer to R. Correa, A. Jofre and L. Thibault [13, 14]. One
year later, Poliquin [29] introduced the class of primal lower nice functions
f :R" - RU {400} and proved that an extended real-valued function f
on R"™ is primal lower nice if and only if its proximal subdifferential is hy-
pomonotone. Poliquin also showed how the theory of second order analysis
for convex functions can be extended to the class of nonconvex primal lower
nice functions.

In view of the second order analysis for a larger class of nonconvex func-
tions on R”, R.A. Poliquin and R.T. Rockafellar [30] introduced the class of
prox-regular functions from R™ to RU{+oc}. In addition to the study of sec-
ond order analysis, Poliquin and Rockafellar [30] also established a complete
characterization of prox-regular functions on R™ (see also [32]). Those func-
tions as well as the primal lower nice ones arise in the study of prox-regular
sets; we refer to [31, 4, 5, 10]. Properties of primal lower nice functions on
Hilbert spaces are studied by L. Thibault and D. Zagrodny [34], A.B. Levy,
R.A. Poliquin and L. Thibault [23], M. Ivanov and N. Zlateva [19, 20], F.
Bernard, L. Thibault and D. Zagrodny [3], O.S. Serea and L. Thibault [33],
M. Mazade and L. Thibault [25]; we also refer to [15] for the larger class of
d-convex functions and to [24] for applications to evolution problems. Prop-
erties of prox-regular functions on Hilbert spaces are analyzed in details in
2, 6] where among others the finite-dimensional characterization is general-
ized to Hilbert spaces; see also [12, 1, 22]. Various other subregularities can
be found in [8, 21, 22].

For a lower semicontinuous function f from a Hilbert space X into R U
{+o0}, its primal lower nice property over an open convex set O of H can
be seen as the inequality

fly) = fl@) +{Cy — ) — 1+ [[KIDllz =yl

for all z,y € O and ( in the Clarke subdifferential of f at x (see the next
section for the definition). Assuming that X is a Banach space and s > 0,
the s-lower regularity corresponds to the extension

f(y) > f(l') + <:L'*7y — gj> _ C(l + ”x*H)Hl’ . stJrl

for all z,y € O and z* in the Clarke subdifferential of f at z. The Moreau s-
envelopes of such functions are investigated in our work [17]. The aim of the
present paper is to provide a complete subdifferential characterization of the
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s-lower regularity in the Banach setting, generalizing in this way the results
recalled above for primal lower nice functions in R™ or in Hilbert spaces.
Section 2 recalls some concepts and results used throughout the paper.
The theorem proving the subdifferential characterization of extended real-
valued s-lower regular functions on Banach spaces is established in Section
3. In the same section we also show that for such functions on Asplund
spaces, the Clarke and the Mordukhovich limiting subdifferentials coincide.

2 Preliminaries

Throughout the paper, unless otherwise stated, X is a real Banach space and
X* its topological dual. The closed unit ball of X centered at zero will be
denoted by By, and Blz,r] (resp B(x,r)) is the closed (resp open) ball of
radius r > 0 centered at the point x of X.

The development of the paper is based on three basic subdifferentials:
The Clarke subdifferential, the Fréchet subdifferential, and the Mordukhovich
limiting subdifferential. One of the best ways to define the Clarke subdiffer-
ential is through the Clarke tangent and normal cones. Let S be a subset of
X and T € S. The Clarke tangent cone of S at T is defined as the Painlevé-
Kuratowski limit inferior of the set-differential quotient

TC(8,7) = Lim inf—(S — z),

. -
iO,z?x t

which means that h € T9(S,Z) provided, for any sequence (t,), tending to
0 with ¢,, > 0 and (z,), converging to T with z,, € S, there exists a sequence
(hn)n converging to h with x, +t,h, € S for all n € N (see [9]). The Clarke
normal cone N (S,Z) of S at T is the negative polar (T(S,T))° of the Clarke
tangent cone, that is,

NY(S,7) := {a* € X*: (z*,h) <0,Vh € TY(S,7)}.

Now let f : X — RU {400} be an extended real-valued function and let
Tedomf:={x € X: f(x) < +oo}. The Clarke subdifferential Oc f(T) of f
at T is then defined as

O0cf(T) == {a" € X"+ (2", ~1) € N(epi f, (T, f (@)},

where epi f := {(z,7) € X x R : f(x) < r} is the epigraph of f. When
x ¢ dom f, one puts by convention d¢f(z) = (). The effective domain of
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the set-valued mapping ¢ f is denoted by Dom O¢ f, where for a set-valued
mapping M : X = X7,

DomM :={x e X: M(x)#0}.

If g : X — Ris locally Lipschitz continuous near 7, the Clarke subdifferential
enjoys the sum rule

8c(f + g)(T) C acf(f) + 809(5) (2.1)
as well as the chain rule
dc(g 0 G)(y) C A*(deg(T)) = {A* (") : 2* € dog(T)}, (2.2)

whenever G : Y — X is a mapping from a Banach space Y into X of class
C! near y € G71(7) and A is the derivative of G at g, that is, A := DG(y);
see [9]. By A* in (2.2) we denote the adjoint of A : Y — X, that is, the
continuous linear mapping A* : X* — Y* defined by A*(z*) = z* o A. Tt
is also worth pointing out that, if v is a Lipschitz constant of g near =, one
has 0cg(Z) C YBx+. Further, Ocf(Z) = {Df(Z)} whenever f is finite and
continuously differentiable near 7.

Before defining the Mordukhovich limiting subdifferential, let us consider
the Fréchet subdifferential. An element z* € X* is a Fréchet subgradient of
f at T € dom f if for any € > 0, there exists some § > 0 such that

("2 —T) < f(x) — f(T) + ||z — || for all z € B(7,0).

The set of all Fréchet subgradients of f at ¥ is called the Fréchet subdiffer-
ential of f at T and is denoted by Jpf(T); as above one puts Jrf(z) = ()
whenever f is not finite at x. The Mordukhovich limiting subdifferential
Orf(T) of f at T is then defined as the set of * € X* for which there exist
a sequence (&), in X with (z,, f(z,)) — (7, f(T)) and a sequence (z7,), in
X* converging weakly* to z* with =¥ € Opf(x,) for all n € N. It will be
convenient as usual to write x, = T in place of (z,, f(z,)) = (T, f(T)). It
is known that

Orf(x) C OLf(x) C Oc f(x);

further, when f is convex the three subdifferentials coincide with the Fenchel
subdifferential of convex analysis, that is, with the set

{zr e X*: (a",2—7) < f(z) — f(T), Ve € X}. (2.3)
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The Mordukhovich limiting subdifferential enjoys full calculus whenever the
Banach space X is Asplund, that is, the topological dual of any separable
subspace of X is separable. If the Banach spaces X and Y are Aspund,
and if the above functions f : X — RU {400} and g : Y — R are lower
semicontinuous near T and Lipschitz continuous near = respectively, then the
sum rule

I(f +9)(@) C OLf(T) + Irg(T) (2.4)

as well as the chain rule
dr(go G)(y) C A*(dLy(T)) (2.5)

hold true, where 7 € G~!(Z) and the mapping G and the linear mapping A
are as above; see [26, 27].

The Clarke subdifferential is connected with the Mordukhovich limiting
subdifferential and with the horizon limiting subdifferential 0%° f(Z) which is
defined as the set of * € X* for which there are a sequence (¢,), tending to
0 with ¢, > 0, a sequence (z,), in X with x,, —; 7, and a sequence (z},), in
X* with 2 € Opf(z,) along with (t,x}), converging weakly* to x*. If X is
an Asplund space and if f is lower semicontinuous near Z, then (see [18, 26])

Oc [ () = 0" (0Lf(T) + 07° f (7)) (2.6)
(where €6* denotes the weak* closed convex hull), and hence
dc f(T) =0 (OLf (7))

whenever f is Lipschitz continuous near Z since in such a case 0%° f(7) = {0}
as easily seen.

3 s-Lower regular functions

Definition 3.1. For a real s > 0, we say that a function f : X — RU{+o0}
is s-lower regular on an open convex set O of the Banach space X with
O Ndomf # 0, when it is lower semicontinuous on @ and there exists some
real coefficient ¢ > 0 such that for all x € O N Domdof and for all z* €
Jc f(x) we have

Fy) = f@)+ @y —2) —c(l+ ') e =y, ¥y e 0. (3.1)



The real constant ¢ > 0 is called a coefficient of s-lower reqularity of f on O.
When s = 1, the function f is just said to be primal lower reqular or
primal lower nice on O. O

Remark. If the inequality (3.1) holds with a real s > 1 for all y in a
neighborhood of a point * € dom f, then it also holds with s = 1 for all y in
some neighborhood of T (as easily seen). So, f is primal lower regular near
a point T € dom f whenever it is s-lower regular near = € dom f with some
real s > 1. O

Of course, proper lower semicontinuous convex functions are s-lower reg-
ular on X since Clarke and Fenchel subdifferentials coincide for convex func-
tions (as recalled in the previous section). Assuming that f is finite and
Fréchet differentiable on the open convex set O and that the derivative D f
is Holder continuous on O with exponent s and coefficient ¢ > 0, then for all
x,y € O we have

1
F(2) — fy) = (D (2).z — ) + / (Df(y+t(z —y)) — Df(x),x — y) dt
1
< (D) =gy +cla gl [ -ty
0
and the latter inequality is equivalent to
F) 2 £@) +{DF()y —a) — — o — g+

Since Jo f(x) = {Df(x)} (see the previous section), we see that the function
f is s-lower regular on O whenever the derivative of f exists on O and is
H'oderian therein with exponent s.

Other examples of s-lower regular functions are some convexly composite
functions as established in the next proposition using the main idea in the
above arguments. Let G : X — Y be a mapping which is continuously
differentiable on an open convex set O of X and let g : ¥ — R U {400}
be a proper lower semicontinuous convex function. The convexly composite
function g o G is said to be qualified at T € O N G~'(dom g) whenever the
following Robinson qualification condition holds:

R, (domg — G(Z)) — DG(Z)(X) =Y, (3.2)



where as usual R, := [0,+o00[. For such a qualified convexly composite
function it is known (see, e.g., [11]) that

dc(go G)(T) = A*(0cy(y)), wherey:= G(T) and A := DG (7).

As above A* is the adjoint of A, hence here A*(y*) = y* o A for all y* € Y*.
It is also known that (when it holds) the Robinson qualification condition at
T above is preserved for all x in a neighborhood of Z, and that there exist
(see [11]) a neighborhood U C O of T and two real numbers p > 0 and ¢ > 0
such that

oBy C ({9 < p+9(G(2))} — G(2)) — DG(z)(pBx) (3.3)

for all z € U NG (domg), where {g <r}:={ye Y :g(y) <r}

Let us say that g o G is a qualified convezly C1*-composite function on O
whenever it is a qualified convexly composite function on O and the mapping
G is of class C1* on O. Recall that G is of class C1* on O provided it is Fréchet
differentiable on O and its derivative DG is locally Holder continuous on O
with exponent s. Using the idea in the above arguments (when f itself is
C'#) and adapting some ideas in [2], we prove that qualified convexly C*-
composite functions are s-lower regular.

Proposition 3.1. Let f = go G be a qualified convexly C*-composite func-
tion at T € dom f. Then f is s-lower regular near T; further there exists
a neighborhood U of T, such that for every r > 0 the restriction of f to
pron((U X rBx«) N gph 8cf) is Lipschitz continuous.

Proof. By assumptions there exist a real ¢ > 0 and a convex open neigh-
borhood U of T over which G is c-Lipschitzian and DG is Holderian with
exponent s and coefficient ¢. We can also suppose according to (3.3) that
there are some reals ¢ > 0 and p > 0 such that

oBy C ({9 <p+9(G(@))} — G(2)) — DG(x)(pBx),

for all z € UN G (domg). Fix any x € U N Domdcf and z* € o f(x).
By what precedes, we know that there is some y* € 0og(G(x)) such that
¥ = y* o DG(z). Fix any y € By and choose, according to the latter
inclusion above, b € Bx and z € Y with g(z) < p + ¢g(G(x)) such that
oy =z — G(x) — pDG(x)(b). It follows from this and the Fenchel inequality
characterization of dog that

(W' oy) =",z = G(x)) — ply", DG(x)(b)) < g(z) — g(G(2)) — p(y", DG(z)(b))
< p—pla”,b) < p+plla*,



which ensures that
olly*ll < p(1 + [[2*]]). (3.4)

Let us prove the s-lower regularity of f. For any u € U we can write
f(x) = fu) < (v, G(z) = G(w))
= (y*, DG(x)(x —u) + / [DG(u+t(x —u)) — DG(x)](z — u) dt)
0

)+ <y*,/0 (DG (u+ Hz — u)) — DG(@)|(@ — u) dt).

From this and (3.4) we see that

1
fl@) = flu) < (@", 2 —u) + 0" pe(1+ [[2*]) ]| — UHSH/ (1—1t)dt,
0
which means that
« cp
> N F
F0) 2 @) + o u = a) —
which translates the s-lower regularity of f on U.
It remains to show the Lipschitz property. Fix any real » > 0 and suppose
that 2* = y* o DG(x) is in rBx«. Then for every (u,u*) in (U X rBx«) N
gph Oc f, we have by the convexity of g and by (3.4)

f(@) = f(u) = g(G(x)) — g(G(u)) < (y*, G(x) — G(u))

<o lep(l+7)|w —ul.

L+ 2" Dl — wl**,

This and the symmetry between (z,z*) and (u,u*) guarantees the desired
Lipschitz property of the proposition and finishes its proof. n

Remark. Instead of s-lower regularity with a real 0 < s < 1, we could
deal with the concept of w(-)-lower regularity where w : [0, 4+00[— [0, +o0[
is a nondecreasing upper semicontinuous function with w(0) = 0. Define a
lower semicontinuous function f : X — RU{+oo} as w(-)-lower regular near
T € dom f provided there are an open convex neighborhood O of 7 and a
real ¢ > 0 such that

fly) = f@) + (2% y — ) — (L + [l27 )]z = yllw(llz = y]])



for all y € U, x € UNDomdcf, and z* € Jcf(x). Concerning such a
concept, it can be proved as above that any convexly composite function
g oG is w(-)-lower regular near Z whenever the mapping G is of class C()
on an open convex neighborhood U of Z, that is, the derivative DG is uni-
formly continuous on U and the modulus of continuity of DG relative to U
is bounded from above by rw(-) for some real constant r > 0. Statements
similar to the next results below can also be obtained in that framework. We
did not develop that viewpoint since the study of differentiability properties
in the other paper [17] seem to be more natural with Moreau s-envelope of
s-lower regular functions than the Moreau w(-)-envelope of w(+)-lower regular
ones. 0

The following first theorem shows that the concept of lower regularity is
invariant with respect to the above three subdifferentials provided that the
space X is Asplund.

Theorem 3.1. Let X be an Asplund space, O be an open conver set of X,
and f: X — RU{+oo} be an extended real-valued function which is lower
semicontinuous on O with O Ndom f # (. Let a real s > 0. Then the
following assertions hold:

(a) If f is s-lower reqular on O, then for all x € O, one has

Opf(x) = Ouf(x) = dcf(x).

(b) The function f is s-lower reqular on O with coefficient ¢ > 0 if and only
if for all z € O N Dom Opf and for all x* € O f(x) one has

fy) > fla)+ (&5 y —x) — e+ |lz*|) ]|z — ylI”™, Vy € O.

(c) The function f is s-lower reqular on O with coefficient ¢ > 0 if and only
if for all x € O N Dom 9y, f and for all x* € O f(x) one has

fy) = f@) + @y —2) — e+ [J2"])lz — y[I*", ¥y € O.

Proof.

(a) Concerning the assertion (a) we only need to show that d¢ f(x) C Op f(z)
for all z € O. Let € ONDomdsf and x* € Ocf(x). Since f is s-lower
regular on O, there exists a real ¢ > 0 such that

Fy) + @+ 2Dz =y = fl2) + (@",y — x),Vy € O.
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Fix any ¢ > 0. We can choose a real § > 0 such that B(z,0) C O and
c(1 4 ||z*]])(6)® < e. It results that

fy) +ellz =yl = fz) + (2%,y = 2), Yy € B(z,9),

and this translates the inclusion z* € Or f(x).

(b) Only the implication (<) needs to be proved since the reverse one is
obvious. Take a real ¢ > 0 such that for all x € O N Dom Orf and for all
x* € Opf(x)

fy) = f@) + (@ y — @) — c(1+ [J2"])lz — yl|**, ¥y € O. (3.5)

Step I. First, let us prove that O f(z) is weakly* closed for any = € O. Fix
any real r > 0. Suppose that Opf(x) N rBx- is nonempty. Let (z});cr be
a net in dpf(x) N rBx« converging weakly* to x* € X*. The weak* lower
semicontinuity of dual norm || - || in X* ensures that

l*|| < liminf ||z]]| < r.
iel
On the other hand, from (3.5) we see that for all y € O

(@i y—2) < fly) = f@) + e +r)]z -y,

hence taking the limit we obtain

(@ y—2) < fly) = f@) + e +r)]z -y

From this inequality, it is easily seen as in the proof of (a) that z* € Jr f(x)
thus 2* € O f(x)NrBx+. Consequently, for any = € O, the set Op f () NrBx-
is weakly* closed for all reals r > 0, so the convex set Op f () is weakly* closed
in X* according to the Banach-Dieudonné theorem.

Step II. Fix any x € O N Dom d¢ f and define (see the pevious section) the
sets
Vo= {""lima} : af € Opf(2,), v0 —5 2} = Opf (),

n—00

and

Vo = {“’* limo,z), : x) € Opf(xn), xy —>f 2,0, L 0} = 077 f(2),

n—o0
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where “" lim z7 denotes the limit of (%), with respect to the weak* topol-
ogy of X*. Fix any z* € V, so there exist a sequence (z,), such that

(@, f(x,))n converges strongly to (x, f(z)), and a sequence (x}), in X*

converging weakly* to z* with ! € Jpf(z,). The sequence (), is then
bounded, say there exists a real v > 0 such that ||z%|| < v for all n. Further,
for n large enough z,, € O, so from (3.5) we have

0l
Fy) = flxa) + {2,y = 2a) = c(1+ |23 ) l|len — ylI**, vy € O,
hence
FW) = flan) + (x5, y — ) — (1 +7) |z, =y, Vy € O.
Taking the limit as n — oo, we get

fy) > fl)+ @y —z) —c(L+ )|z —y**, vy € O. (3.6)

Consider now an arbitrary element xf € Vp, so there exist a sequence (x,),
such that (x,, f(z,)), converges strongly to (x, f(x)), a sequence (0,), in
10, +00[ with o, — 0 and a sequence (z}), in X* with (0,x}), converging
weakly* to xf with xf € Opf(x,) for all n. Let a real v/ > 0 such that
llonzt|] <+ for all n. For n large enough, x,, € O thus from (3.5)

Fy) = flza) + {2,y — za) = c(1+ |23 ) llzn — ylI**, vy € O,
and this implies
onf(y) = onf(@n) + (onzy,y = 2a) = onc(L + [y Dllzn — y[*, Yy € O.
This ensures that, for n large enough,
onf(y) = onf(@n) +(0ny, y —20) —Oncllzn =yl =y ellzn —y[*, ¥y € O,
so taking the limit as n — oo gives
0> (x5, y—z) — cY'|lz — y||*T,Vy € ONdom f.
The latter inequality and (3.6) yield

fy) > flx)+ @ +ah,y—x) —c(1+v+7) ||z —y|*"™,Vy € ONdom f,
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so for ¢ :=¢(1 +~v+7') (depending on z* and z}))
fly) = flz) + (" + a5,y — 2) = la —y[*", ¥y € O.

From this inequality it is easily seen as in (a) that z* 4+ z§ € O f(x), hence
V 4+ Vo C Orf(x). Since Opf(x) is convex and weakly* closed according to
Step I, it results that

co'[V + Vo] C Opf(x) C Oc f(x).

These inclusions and the equality o f(z) = €o*[V + Vp| (see (2.6)) entails
that dc f(z) = Op f(z) for all z € O. Consequently, the inequality (3.5) holds
for any (z,z*) € gph Oc f with = € O, which means that f is s-lower regular
in the sense of Definition 3.1.

(c) Since Opf(z) C Ipf(x) C dcf(x), for all z € O, the assertion (c) follows
from (a) and (b). O

The second theorem of the paper characterizes the s-lower regularity of
a function in terms of a property of hypomonotonicity of its subdifferential.
Let us first establish the following lemma which is inspired from a similar
lemma from [34] (see also [25]).

Lemma 3.1. Let X be a normed vector space and f : X — RU{+o00} be an
extended real-valued function with f(T) < 4+oo. Let r be a positive number
such that f is bounded from below over B[Z,r| by some real a. Let s > 0,
£ € R and 0 be a nonegative number. For each real ¢ > 0, let

Fgo(a®,a,y) = fly) + 8",z —y) + (1 + [l2*|) |z — y|I*,
forall x,y € X and x* € X*. Let any real

514 h that > e (f(Z)+0—«)
co > ———— such that co > ———(f(T —a).
0= (2511 = 1)ps 0 (251 — 1)pstl

r

Then, for any real ¢ > cqy, for any x* € X* and for any v € B[T, ]

point u € B[T,r] such that

|, every

Fao(a®,z,u) < inf Fg (2", 2,y)+0
yEeB[z,r]

must belong to B(T, ).
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Proof. Fix s > 0, x € B[z, 7], " € X*, and fix also any real ¢ > ¢;. Take

any y € B[Z,r| with ||y — Z|| > 2. Since
_ _ r
lz =yl 2 Iz = yll = llo =2l = 5,
we observe that
2S+1T5+1 rs—i—l (2s+1 o 1)7”S+1

+1 — (1541 _
=l =T > As+1 4stl 4s+1

[ =y
Then, for F(y) := Fp.(z*, z,y) we have

F(y) - F() -
> fy) - @) - 0+ Bla* T —y) + (1 + 2" (]l -yl — [l — 7|"*)

(25+1 _ 1)T5+1

2 a— f(@) =0 =r|fllla"[| + el + [l =57

_ (25+1 _ 1)T5+1 . ( s+1 _ 1)7“8
= (0 @ — 0+ ) e (T 1)
so, for n:=a — f(7) —G—I—C%—J}frw > 0, we obtain F(y) —n > F(T) + 6,
which finishes the proof of the lemma. ]

Theorem 3.2. Let s >0 and f : X — RU{+o0} be an extended real-valued
function on the Banach space X which is finite at T and lower semicontinuous
near T. The following are equivalent:

(a) The function f is s-lower regular near T;
(b) There exist reals € > 0 and ¢ > 0 such that for all 7 € Ocf(x;) with
lx; —Z|| < e, i=1,2, one has

(@] — 2%, @1 — x2) > —c(L+ [|27]| + |23 ])llw1 — 22"

If in addition X is an Asplund space, then each of the two following
assertions is also equivalent to the s-lower regqularity of the function f near
the point T:

(c) The inequality in (b) is fulfilled with Oy f in place of Oc f;
(d) The inequality in (b) is fulfilled with O f in place of Oc f.
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Proof. First, we show that (a) = (b). Suppose that f is s-lower regular
on some ball B(Z,¢e) with some coefficient ¢ > 0. Then, for z; € X with
lx; — Z|| < e and 2} € Oc f (x;),i = 1,2, we have by Definition 3.1

> fwg) 4 (25, 11 — 22) + (1 + [Jz5])[|w1 — 22]*F!
flza) > fla) + (@], 22 — 21) + (1 + [Ja5]])loy — 2",

and adding these inequalities we obtain

—c(2+ J|23] + llslD)llzr — 2ol
—2c(1+ [l + 25 [y — 2.

(] — 25,1 — 29) 2>
>

So, the implication (a) = (b) holds true.

Let us prove the reverse implication. Let ¢ > 0,c¢ > 0 be such that
the assertion (b) is fulfilled and f is lower semicontinuous on B(Z,¢). Let
0 < & < min{e, 45} be such that o := Bi[gf ]f is finite (according to the

T,e’

lower semicontinuity property of f). We fix a real ¢y > % with
Co > % (f (f) +1 —Oz> and a real ¢ > max Co,m}.

Let z € Dom ¢ f N B(Z, %/) and x* € O f(x). We define
oy) = fly)+ (&*,x —y) + (L +||z*]) |y — |, forally € X

e () I yeB.e]

_ ) ply) if yeBlTe

Ply) = { +oo if ye X\ B[z, (3.7)

so clearly @ is lower semicontinuous on X ( since f is lower semicontinuous
on B[z,€'] ).

Let (g,) b

e, < min {1, (

e a sequence of real numbers which converges to 0 with 0 <
% } For every n € N, choose wu,, € X such that

D(uy) < 1I)}fg0 + en.
Applying the last lemma with 5 = 6 = 1 we obtain that u, € B(Z, 3%) for

all n € N. By the Ekeland variational principle (see [16]), for each n € N,
there exists x,, € X such that

0 = tall < VEm Blan) < 0P + 0, Ba) = inf {B(u) + v/Enllu = 22}

14



then
|z, — 7| <& and 0 € O (P + venl - —znll) (n)-
Since ¢ = p on B[T,¢'] and x, € B(T,¢'), we deduce 0 € dc(p + /En| -
—,||)(2,) hence by (2.4) and the /g,-Lipschitz property of \/,]| - ||
0 € dof(zn) — 2" + (1 + 2" N0l - =2 ") (@) + VEBx-,

which furnishes some z¥ € Ocf(x,) and y: € —a* + (1 + ||*||)0c(]]. —
x| (x,) with

27 + Ynll < V/en- (3.8)
Set 2 = C,(y%”z% € dc(|| - —=[|**1)(x,), hence as easily seen (through the
equality (2.3) with the convex function ||. — z||**)

(2020 — ) = (5 + Dllza — ol and [122]] = (s + Dllan — . (39)
On the other hand,

/

_ _ 3e .
lzn = 2| < flan = wall + llun =2l + |7 = 2f| < VEu + - + 7 — 2|

and % + |7 — 2| < €/, so there exists some integer ny such that, for all
n > ng, ||z, — x| <& and ||z < (s + 1)(¢')*. Fix any n > ngy. From the
equality y¥ = —a* + /(1 + ||z*||) 2} we see that

lynll < llz* [l + ¢ (s + () (1 + [l="]),

and from the inequality
ezl <l + ynll + llya
and (3.8) we also see that
lznll < Ven +[l27] + ¢ (s + 1)) (1 + fl27[])- (3.10)
Using the assertion (b) with 2} = z}, x5 = z*, ensures that
* * * * s+1
(0" —an, 0 —@a) > —c(L+ 2"| + |23 ) Iz — 2l

Since (3.8) and (3.9) entail
(@8 =l o —wn) = (A +27)z; —yp — 2, — T)

= —(s+ D@+ 2" Dllwn — 21" + (=y) — 27, 2 — 20)

< —(s+ DI+l IDllzn — 217 + Veallz — @nll,
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it results that
= (s + DL+ [lz*Dllan — 21 + VEallz — 4
> —c(L+ [l + flz; Dl = @],
or equivalently
((s+ 1)@+ [l2"[]) = e(X+ 2"l + 25 ])) Iz = 2all* < Ve (3.11)
Further, the inequality (3.10) implies
(s + D@+ [l2"]1) = e(X+ la*[| + [l 1)
> (s + 1)L+ [l2*]]) — e(@+ [l2"]]) — e(VeEn + |27 + ¢ (s + 1)(")* (L + [[2"]))
> (s+ 1)+ [l27]) = e(@+ [l2"[]) = (L + |27 + ¢ (s + 1)() (L + [[2"])))
= (1+[|z*]))((s + 1)¢ = 2¢ — (s + 1)ed (€')°),
so by (3.11) we obtain
L+ [[2"[)((s + 1)¢ = 2¢ = (s + Dec(€)°) | — @l < VeEu.  (3.12)
By the choice of ¢ we have

2c
d > or equivalently (s+1)c —2c—(s+1)cd'(¢)® > 0,
(S—I— 1) _ (S+ ].)C(E,)s q y ( ) ( ) ( )

then it follows from (3.12) that

lim z,, =2« hence lim u, = x.
n—oo n—oo

Further, we know that op(u,) < jigr%f ]ga(y) + &, or equivalently
yeB[z e’

Flan) + @, = ) + €1+ [l ) g — 2+
< it {f@+ e =g+t o Dlly -2} + e

Since f is lower semicontinuous and lim, .., u, = x, the latter inequality
ensures that

f(o) <lminf f(u,) < inf {f(y) + (2", 2 —y) + (1 +]

oD lly — [}

yEB[T ']
and so
* * s — 5/
f(@) < ) + @ x —y) + A+ 2" Dlly — 2l ¥y € B, ),
and this means that f is s-lower regular near . The proof of the theorem is
then complete. O
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