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REGULARIZATION OF DYNAMICAL SYSTEMS ASSOCIATED
WITH PROX-REGULAR MOVING SETS

MOUSTAPHA SENE AND LIONEL THIBAULT

ABSTRACT. This paper is concerned with the regularization of the dynamical
differential inclusion of a perturbed sweeping process associated, on an interval,
with the normal cone to a moving set C(t). It is shown that when the set C(¢) is
p-prox-regular and moves in a Lipschitzian way, one can regularize the differential
inclusion by a family of usual differential equations which are well posed. The
family of solutions of the regularized differential equations is shown to converge
uniformly to a solution of the differential inclusion.

1. INTRODUCTION

Let H be a real Hilbert space and let C : [Ty, T] = H(T > Tj) be a set-valued
mapping with nonempty closed values. The paper is concerned with the differential

inclusion
u(t) € =Neey(u(t)) — f(t,u(l))

Here f : [To,T] x H — H is a mapping which is Bochner measurable with respect
to the first variable and Lipschitzian with respect to the second variable; NC(t)(-)
(see the next section) denotes the Mordukhovich or basic normal cone to the closed
set C(t).

The differential inclusion (E¢) or some of its variants appear in modelizations in
several fields as resource allocation mechanisms in economics (see, e.g., [11, 15]),
complementarity systems (see [2]), dissipative systems in electrical circuits (see [16]),
crowd motion modelization (see [18]), etc. See also [4, 5, 6, 12, 13, 17, 24, 29, 31]
for other contributions.

When the sets C(t) are supposed to be convex, J.J. Moreau [21, 22, 23] proved
an existence and uniqueness result for the solution of Ey(f = 0). Moreau’s method
in [21, 22] consists in discretizing [Ty, T| by an appropriate subdivision Ty = ¢ <
) <.+ <ty <ty =T and in taking the iterates ug = a, v, = proj cqy, )(ui),
and then defining a mapping u"(-) through those iterates. This is known as Moreau
catching-up algorithm. This method of discretization was extended to the non-
convex case by G. Colombo and V.V. Goncharov [8], M. Bounkhel and L. Thibault
[1], J. F. Edmond and L. Thibault [12]. Those authors proved the convergence of
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the Moreau catching-up algorithm under a prox-regularity assumption on the sets
C(t) of the Hilbert space H. For previous works with complements of open convex
sets in finite dimensions, we refer to M. Valadier [31], C. Castaing, T.X. Duc Ha
and M. Valadier [5].

Recently, with a regularization procedure which was used in the convex case by
J.J. Moreau [22], L. Thibault [30] proved that under the prox-regularity of C'(t) one
can regularize the problem (Ep) to obtain a usual differential equation

W(t) = =95 Vg (ur(t))
( 0’)\) { U)\(To) ZQC)L\ S gé%o),

whose classical solution is shown to converge in some sense to the solution of (Ejp).
M. Mazade and L. Thibault [19] used the same procedure to regularize, for a
fixed local prox-regular set K, the differential inclusion

u(t) € =Ng (u(t)) — f(t,u(t))
(1.1) { u(Ty) =a IE(K,

into the following differential equation

(1.2) { Zigo)—:—iaevggm(t)) — f(t.u(®))

The main difference between (1.1) and (Ey) is the fact that in (1.1) the set K does
not depend on the time and it is locally prox-regular while in (Ef) the set C(-)
moves in a Lipschitzian way with respect to the time.

In the present paper, our purpose is to use the same regularization process in [19]
to regularize (Ey) into the following usual differential equation

(1) = — g5 Vg (ua(t)) — f(t, ux(t))
(Er) { ur(Ty) = .e C%O)).

Indeed it is shown that, when the set C(t) is p-prox-regular and moves in a Lip-
schitzian way with  as a Lipschitz constant, there exists some real § > 0 (inde-
pendent of \) such that the regularized differential equation (Ey ) is well-posed on
[To, To + 0] with a unique solution uy(-) on [Ty, Ty + 6] and that the family (ux(-))x
converges uniformly on [Ty, T+ 6] (when A | 0) to a solution of (E¢) on [Ty, Ty +6].
The existence and uniqueness of solution of (Ey) is then derived on the whole in-
terval [Ty, T| through a division of the interval into subintervals of lenght less than
6.

The paper is organized as follows. In Section 2 we recall the main concepts and
results used throughout the paper and we state the main theorem. The proof of
the theorem is developed in Section 3 through several lemmas; many of them have
their own interest.

2. PRELIMINARIES AND STATEMENT OF THE MAIN RESULT

Throughout, H is a real Hilbert space and S is a closed subset of H.
For z € H and § > 0, we will denote by B(x,d) the open ball of H centered at z
with radius 9.
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Definition 2.1. For x € S, an element ¢ € H is a Fréchet normal vector of the set
S at x when for any real € > 0 there exists some neighbourhood V of z such that

(¢, 2" —x) <eg|2’ —x| forall 2/ e€SNV.

The set N¥'(S;x) of all Fréchet normal vectors of S at z is called the Fréchet
normal cone of S at x. For x ¢ S one put N¥'(S;z) = (). The Fréchet normal cone
is related to the Fréchet subdifferential of a function see[20, 27] in the following way.

Definition 2.2. Let U be a neighbourhood of a point « in H and let ¢ : U —
RU{—00,+00} be an extended real valued function. An element ¢ € H is a Fréchet
subgradient of ¢ at x if (¢, —1) € N (epiy; (z, o(z)).

The set Opp(z) of all Fréchet subgradients of ¢ at x is called the Fréchet subdif-
ferential of ¢ at . When Opp(x) # () one says that ¢ is Fréchet subdifferentiable
at x.

The Fréchet subdifferential enjoys only fuzzy calculus rules see[20], that is, for any
function g : X — RU{+o00} which is Lipschitzian near z € U, for ¢ € 9p(p+g)(x)
and € > 0, there exist 2/, 2" € U such that

¢ € Opp(a’) + Opg(a”) +eBy  and o' — 2l +|e(2) — p(z)] <e,

where By denotes the closed unit ball of H centered at zero. So a limiting pro-
cess is needed to obtain calculus rules with the reference point. One defines the
Mordukhovich or basic subdifferential of ¢ at x € U and the Mordukhovich or basic
normal cone of S at x € .S as follows
dp(z) = **Limsup dpp(u) and N(S;z) = *ILimsup N (S;u).
U T Ssu—zx

The second member of the first (resp. second) equality denotes the set of all ( € H
which are the weak limit of a sequence ((), with (, € Orp(u,) (resp. (, €
N¥(S;up)), (un)n converging strongly to z, and ¢(u,) — () (resp. u, € S). It
will be sometimes convenient to denote the basic normal cone of S at = by Ng(x).

It is shown in [26] that the normal cone of a set and the distance function associ-
ated to this set are strongly involved in some characterizations of the prox-regularity
of this set. The closed set S is (uniformly) p-proz-regular (see [26]) when any point
x in the open p-enlargement of S

Uy(S) :={ue H:ds(u) < p}

has a unique nearest point projs(z) in S and the mapping proj s is continuous
over U,(S); such sets are also called positively reached, weakly convex, p-convex,
O(2)-convex, and proximally smooth, in [14], [32], [3] ,[28], and [7] respectively. In
the definition of U,(S) above, dg(z), also denoted by d(z,.S), is the distance from
the point x to the set S. A first characterization in terms of the normal cone (see
[26]) is that for any nonzero vector ¢ € Ng(z) one has x € Projg(z + H%HO’ where

Projg(y) is, for each y € H, the set (eventually empty) of all nearest points of y in
S. Translating this in the fact that for all 2’ € S

b Ol <l e+

2
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we see that this is equivalent to

/ <]l
(2.1) (¢ " —a) < 2

This ensures that ¢ € N (S;x), and hence N¥'(S;z) = N(S;z). More generally,
under the p-prox-regularity of the closed set S, it is known that

|2 —z||* forall 2’ € S.

(2.2) N(S;z) = NF'(S;z) ={C€ H:3r >0, z € Proj s(z + r()}.
The inequality (2.1) implies also that
(2.3) (¢ =¢ a2’ =) > —|l2" — 2

for all ( € Ng(z) and ¢’ € Ng(2') with [|]] < p and ||{’|| < p. In fact, in [26] it
is proved that the inequality (2.3), called the p-hypomonotonicity of the truncated
normal cone Ng(-) NBy, characterizes the p-prox-regularity of the closed set S. So,
in the particular case where p = +00, we obtain the monotonicity of the normal
cone to S and hence by [10, 25] one recovers the fact that the p-prox-regularity of
the closed set S with p = co corresponds to its convexity.

A second fundamental characterization exists in terms of the differentiability of
the associated distance function. In fact, it is shown in [3, 7, 26] that the following
hold.

Proposition 2.3. Let S be a nonempty closed set of the Hilbert space H. The
following are equivalent:

(a) The set S is p-proz-reqular;

(b) the squared distance function d%(-) is continuously differentiable over U,(S);
(c) the mapping proj s is well defined on U,(S) and, for any positive real § < p, the
mapping proj s is Lipschitzian on Us with p/(p — &) as Lipschitz constant, that is,
for all x, 2" € Us(9),

(2.4) Iproj s(z) — proj s @'} < -5 fe ]|
Further, when S is p-proz-regular, one has
1 .
(2.5) V(id%)(x) =x —projg(xz) forallz e U,(S).

Now let Ty, T be two nonnegative real numbers with 7y < T and, for each
t € [Ty, T], let C(t) be a nonempty closed p-prox-regular set in H. One says that
the closed C(t) moves in a Lipschitzian way with ¢ € [Ty, T] when there exists a
constant v > 0 such that for all x € H

(2.6) |d(z,C(t)) — d(z,C(s))] <At = s

for all s,t € [Ty, T.
We can now state the main result of the paper.

Theorem 2.4. Assume that the closed sets C(t) of the Hilbert space H are p-proz-
regular and move in a Lipschitzian way with vy as a Lipschitz constant, that is, (2.6)
holds. Let a € C(To) and let f : [Ty, T] x B(a,§) — H be a mapping which is
Bochner measurable with respect to t € [To, T| and such that:
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(i) - there exists a real 8 > 0 such that, for all t € [Ty, T] and x € B(a, §),
1f(E, )|l < B;

(i) - there exists a non-negative real number k such that for allt € [Ty, T] and
for all (x,y) € B(a, §) x B(a, g),

F(tx) = (&)l < Ellz —yll.

Let 0 be a positive real number such that 6 < m and let the real A\, :== p/(B+7).
Under the above assumptions, for any A €]0,\,[, the differential equation over

[TO,TO + 9] X B(a, g)

an(t) = (- 2 (un(t) — F(t.u
(2.7) {uig%) :<a1/2A>VdC(t)( A(E)) — F(t,ux(t))

is well defined and has a unique solution uy on [Ty, To+0], and the family (ux)o<r<x,
converges uniformly on [Ty, To+6] as A | 0 to a solution of the dynamical differential
inclusion (Ey). Further, this solution stays in B(a, %) and the solution inside this
ball is unique.

If the mapping f is defined on [Ty, T] x H and satisfies the assumptions (i) and
(i1) for allt € [To,T)| and x,y € H, then dwiding [Ty, T] into a finite number of
intervals with length less than or equal to 0 yields the existence of a unique solution
u(+) of (E) over [Ty, T]. Further ||u(t)|| <28+~ for almost all t € [Ty, T].

The proof of the theorem will be established in the next section through a series
of lemmas.

3. PROOF OF THE THEOREM

In all the lemmas below the closed sets C(t) are p-prox-regular and satisfy the
inequality (2.6).

We start the proof of Theorem 2.4 with the following lemma which is in the line
of a result in [30]. For completeness we sketch the proof.

Lemma 3.1. Let I be a subinterval of [Ty,T] and z : I — H be a locally abso-
lutely continuous mapping, and let g(t) := d(z(t),C(t)) for all t € I. Assume that
d(z(t),C(t)) < p for allt € I. Then, for almost everyt € I,

9()g(t) < (2(t), 2(t) — proj ¢y (2(1))) + 79(t)-

Proof. Put ¢(t,z) == 2d*(z,C(t)) for all t € I and all 2 € H. The function g is

absolutely continuous because, by (2.6),

l9(t) — g(s)] < [12() = 2(s)]| + ]t = 5]

for all s,t € I. Fix any ¢t € intI :=|r, 71[ such that g and z are derivable at
t. Observe that, according to Proposition 2.3 and to (2.5), the function ¢(t, ) is
continuously differentiable around z(¢) and that

(3.1) Vap(t, 2(t)) = z(t) — proj o) (2(1))-
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Write for s €]0, 7 — t[ small enough

%[g(t +5)? —g(1)’] = %[90(75 +5,2(t+8)) — p(t, z(t + 5))]

[o(t, 2(t + 5)) — @(t, 2(1))]

+
< %[d(z(t +35),C(t+5)) +d(2(t +5), C(t))]
+

1

;[(P(t, Z(t + 8)) - (P(tv Z(t))]

As z is derivable at ¢, there exists (s) ? 0 in H such that
z(t+ s) = z(t) + s2(t) + se(s)

and this yields

®» | =

[o(t, 2(t) + 52(t)) — (1, 2(1))]

+ 5l 1d(a(e) + 52(2) + 5e(5)), C(1)
+d(z(t) + sz(t), C(t))].
Putting this inequality and (3) together we obtain

Solo(t+ 5 — (0] < 2a(a( + 9), €t + ) + dla(t +),C0)

é[gp(t, Z(t+s)) — o(t, 2(1))] <

1 .
+ Lot 2(t) + 52(1) — o(t 2(1))] + n(s)
for some 7(s) ? 0 in R. Taking s | 0, it follows that
9()g(t) < vg(t) + (Vaw(t, 2(1)), £(t))
and the proof is complete according to (3.1). d
Throughout the remaining of the paper, fix a positive real 6 satisfying
p
< ——.
3(28+7)

We observe that, for any € B(a,%) and any t € [To,Tp + 6], we have (since
a € C(Tp))

(3.2) d(z, C(t)) < d(a,C(To)) + & — all + 7]t = To| < %p-

Then, according to Proposition 2.3, for any ¢t € [Ty, Ty + 6] the mapping =
%Vd%(t) (z) is well defined on B(a, £p) and by (2.5)

1 .
Further, for any z1, 22 € B(a, %p) we have, by (3.2), the inequalities

2
d(z;,C(t)) < 3P <P
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for i = 1,2, and hence taking ¢ = %p, the inequality (2.4) yields

(3.4) [Proj ¢ (w1) — proj o (w2l < |21 — 22| = 3|lz1 — 22].

p
p—20
Therefore, the mapping %Vd%(t) (-)+ f(t,-) is Lipschitzian over the ball B(a, %p) On
the other hand, for any z € B(a, §p), the mapping %Vd%(‘)(x) + f(-,x) is Bochner
integrable on [Ty, Tp + 6]. Further, from the assumptions of Theorem 2.4 above we
have

(35) ||f(t7 l’)” <p, forall (t, l’) S [To,TO + 9] X B(a’ %p)

Fix now any real number A > 0 and consider the differential equation over
[Ty, To + 0[x B(a, 1p)

U = —VdZ , (u — U

The results just obtained above ensure us that this differential equation has a
(unique) solution u)(+) defined on its maximal interval of existence [Ty, Tx[C [To, To+
[. In the sequel we will denote — f (¢, ux(t)) as

(3.6) an(t) := =t ua(t)).
Then by (3.3) we have

3.7) () = —% [ux(t) — proj o (un())] + 2 (1), ae.t € [To, Th|.

‘We recall the Gronwall lemma which will be used in the next result as well as in
other places of the paper.

Lemma 3.2 (Gronwall’s lemma). Let b,c,( : [to,t1] — R be three real-valued
Lebesgue integrable functions. If the function () is absolutely continuous on the
interval [to,t1] and if for almost all t € [to, t1]

¢(t) < b(t) + c(t)¢(t),
then for all t € [to, t1]
C(t) < ((to) exp (/tt e(T) dT) + tt b(s) exp (/St e(T) dT) ds.

Through the Gronwall lemma we can prove the following lemma which provides
an upper bound for the derivative in ¢ of the distance function from uy(t) to C(t).

Lemma 3.3. Put g)(t) := d(ux(t),C(t)) for any t € [To,TA[. Then gy is locally
absolutely continuous on [Ty, Th| and

Ir(8) < (B+7) — 30r(0) ace-t € [T, T3
Further, for all t € [Ty, Th[
ga(t) S A(B+1).
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Proof. Consider ¢ €]Ty, Tx[ where g)(t) and uy(t) exist and satisfy (E7 ). Since
ux(t) € Bla, 3p), we see from (3.2) that d(ux(t),C(t)) < p. Taking z(t) = ux(t) in
Lemma 3.1, we obtain

IA)gr(t) < vga(t) + (an(t), ua(t) — proj oy (ua(t)))

1 . .
< yga(t) — X<U>\(t) — proj o (u(t)), ux(t) — proj o (ua(t)))
+ (2aa(t), ua(t) — proj o (t)(ua(t))),
the second inequality being due to the equality
. 1 . .
un(t) = Y [ux(t) — proj o (ua(t))] + za(t)  according to (3.7).
Since ga(t) = d(ua(t), C(t)) = [[ur(t) — proj o) (ua(t))[|, we deduce

090 = 79(0) = TR + (220), 1r(0) = proj e (1r (1))
<102(6) = 130 + IOl [ux(t) — proj e (B

1
=y9(t) — Xgi(t) + @[z (@)]]-
Then using (3.5) and (3.6) we get

() <p+v-— %g)\(t) if gx(t) > 0.

The last inequality is still valid whenever g¢)(¢!) = 0 because this leads to
ga(t) = 0. Indeed the equality gy (¢) = 0 ensures for |s| small enough that

1 1
g[gx(t +8) — ga(t)] = Sdow (ux(t + s)),
and hence, since g, (t) exists, we deduce that
) 1 ) 1
() = lim = e (ur(t +s)) < 0 and gx(t) = lim = e (ur(t +s)) = 0,
s0 ga(t) = 0. Thus, for almost every ¢ € [Ty, T)],

i) < (8+7) — 10a0)

which is the first inequality of the lemma. Further, observing that

9A(To) = d(ur(Tp), C(Tp)) = d(a,C(Tp)) =0
and applying Lemma 3.2 with b(-) = 8+ v and ¢(-) = —%, we also obtain for all
t e [To,T)\[ that

t

g(t) < et / (B+7y)erds = e B+ y) A — T/
To

= A(B )1 = e )

and hence
aA(t) < A(B+7).
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In the next lemma we establish an upper bound of the derivative of the solution
ux(-) of (E% ).

Lemma 3.4. For almost every t € [Ty, Ty\[, one has

(3:8) lux(t) — 22 @) < B+,
and consequently
(3.9) lux(®)[| <28 + .

Proof. As uy(+) is a solution of (E} ,), one has

ia(t) = =3 [ux(6) = proj o (un(6)] + (1),

So
1

ux(t) — 2A(t) = —X[Ux(t) — proj o (ua(t))]-

This yields

() — zx(t)]] = %Il(m(t) — proj oy (ua(®)))l| = (1/A)ga(t),
and applying Lemma 3.3, it ensues that
[l () = 2a@)]] = (1/X)ga(t) < B+ .

To obtain the last inequality in the lemma, it suffices to note that

ax@)]] < [lia(t) = 2x@)]] + [l2a@)]] < 28 4.
U

Lemma 3.4 tells us that the mapping uy(-) is (28+)-Lipschitzian on [T, Tx[. So
T) being finite, the limit uy (7)) := l%gl u)(t) exists in H and the extended mapping
1T

ux(+) is Lipschitzian on [Ty, T)]. Since 6 < m, we have T\ — Tp < m.

Then for uy(Ty) := tl%rjp u(t) obtained above we have
A

(3.10) lux(Th) — al = [Jur(Th) — ur(To)|| < (26 4+ v)(Th — To) < %P

and hence uy(-) (extended at T)) is a Lipschitzian solution over the closed interval
[To, T] of the differential equation

i(t) = =55 Vg (u(t)) — f(t u(t))
u(Ty) =a

with uy([To, Th]) C B(a, §). Further, T = Ty + 6 since otherwise (3.10) would allow

us to extend uy(-) on the right of T in a solution to the differential equation (E7 )

with the range of the extension of u,(-) included in B(a, $p), which would be in
contradiction with the maximality of the interval [Tp, Th[.

Our analysis establishes that, for any real number A > 0, the differential equation
relative now to the closed interval [Ty, Ty + 6] and denoted by

(Eya) { ngr)o)::jw?;@ (u()) — F(t, u(t))



10 M. SENE AND L. THIBAULT

has a unique Lipschitzian solution wuy(-) on the whole closed interval [Ty, Ty + 6]
with ux([To, To + 0]) C B(a, 5p).

Next we prove that this family (u))aso satisfies the cauchy criterion as A | 0. It
is mentioned above in (3.4) that proj o () is well defined and is 3-Lipschitzian on
B(a, p/3). Also Proposition 2.3 tells us that the p-prox-regularity of a given closed
set S is equivalent to the p-hypomonotonicity property of Ng(-) N By, that is,

(¢ =o' —a) > —[l2' — zl?
for all ¢ € Ng(z) and ¢’ € Ng(z') with ||{’|| < p and ||¢]| < p.

Further notice from (3.8) that, for A < ﬁ, we have [[A[ax(t) — za(t)]]| < p. On

the other hand, from (3.7) and the equality T\ = Tp + 6, we can deduce that for
every positive real A < Tiy’
p

m[—ﬂx(t) + 22 (t)] € New) (proj o (ua(t)))

and the projection
proj ¢y (ua(t)) € C(t)
is well defined with

proj o) (ua(t)) = ua(t) + A[in(t) — 2a(t)] ae. t € [To, Tp + 6.
With those informations at hand, we prove the next lemma.
Lemma 3.5. For all positive numbers A\, u < p/(B+7), one has for allt € [Ty, To+0)]
t
B+
ua(t) = wu (D2 < 207 + ) (8 + )2 / exp (2 [9(7”) +E|(t=5)) ds.

To

Proof. Using the above arguments with

¢= (5202 ) i+ 0] and ¢ = (52 ) i)+ 2,0)

we have for a.e. t € [Ty, T
(=i (t) + 20 (1) + @u(t) = 2u(t), proj sy (ua(t)) — proj o) (up(t)))
> — (%) lorod e ur(6) = proi o ()P

According to the equality

proj o (ua(t)) = Aan(t) — zx(t)) + ux(t)

and according to the Lipschitzian property of projc)(-) on B(a,p/3) with 3 as
a Lipschitzian constant therein, the latter inequality combined with the inclusions
ux(t), uu(t) € B(a, p/3) yields

(=an(t) + 22 (8) + @ (t) = 2u(8), A(an(t) = 22 (1)) = p(u(t) = 2u(8)) + ua(t) = wpu(t))

> <0 (750 Jlune) - w0
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Computing the left hand side, we obtain
=Alli(t) = A = plli(t) = 22 (O + A+ ) (ax(t) = 2x (), 6 (8) = 2(1))
F{aa(t) = 2u(t), un(t) — up(t)) — (Ux(t) — wu(t), ua(t) — upu(t))

2_9<5;Wjuuxw—quW7

or equivalently

3110 = w017 <9 | 227 ur(t) - w0
)

= Maa(t) = ax(11? = plli,(t) — 2. (2)]]7
+ (A p) () = 2x(t), du(t) — 2u(1))
+(2aa(t) = 2u(1), ua(t) = up (1))

This entails
1d +

535110 = w01 <9 |22 ur(6) - w02

+ (A + p){aa(t) — 2a(t), wu(t) — 2u(t))
+ (2a(t) — Zu(t), ux(t) — uu(t)>-

Concerning the second expression in the righ-hand side of the latter inequality, note
by (3.8) in Lemma 3.4 that

[ea(t) —zx(®)]| < B+~ and ||, (t) — 2.(0)|] < B+ 7.
Moreover, since ux(-),uu() € B(a,1p) and f(t,-) is k-Lipschitzian on the ball
B(a, $p), we can write
[l2a(t) = 2u (O] = [1f (8, ua(®)) = f (& upu(8))]]
< kffua(®) = wu @)]]-

Consequently, we obtain

ld 2 Bty 2 2

53180 = w1 < [0 (57 ) k| lluat) = wa (1 + A+ ) (B + )

Since ux(To) — u,(Tp) = 0, according to Lemma 3.2, we see that for

m:=2 [9 <B+7) + k‘} we have

t

i)~ w1 < 2005 (5 + 7 [ 0=,

which is the desired inequality of the lemma. O
The next lemma proves that the family (u)) converges to a solution on [Ty, Tp+6].

Lemma 3.6. The family (uA)O</\<Bi converges uniformly on [Ty, Ty + 0] to a
ol
solution of the differential inclusion

u(t) € —Negy(u(t)) — f(t, u(t))
(P){ u(TO):aC()
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over the interval [Ty, Ty + 0] and u([To, Tp + 6]) C B(a, §).
Further, ||u(t) + f(t,u(t))|| < B+~ for almost every t € [Ty, To + 0], so u(-) is
Lipschitzian over [Ty, To + 0] with 23 + ~ as a Lipschitz constant.

Proof. The above Lemma provides a uniform cauchy criterion for the family wu)(+)
on [Ty, To + 0] as A | 0. Therefore (uy(-)) converges uniformly to a continuous
mapping u(-) € C([To, Ty + 0], H) as A | 0.

On the one hand, from Lemma3.3 we have

d(ux(t),C(t)) < A(B+7),
so by letting A | 0 we get

(3.11) u(t) € C(t) forall te [Ty, Ty + ).

Next, from the inequality ||ux(¢)]| < 25 4 v(see (3.9)), we can extract a sequence
(An), An 4 0, such that 1y, () converges weakly in the space L?([Ty, Tp + 6], H) to
some mapping h(-) € L*([Ty, To+0], H), and ||h(t)|| < 28+~ a.e., since the set {v €
L*([To, To+0], H) : ||v(t)]| <28+ a.e.} is convex and closed in L?([Ty, Ty +6], H).
So for any t € [Ty, Ty + 6], fixing any z € H and writing

<z, /t y, () ds> = /TT<21[T07t](s),1l>\n(s)) ds,

To
we see that . .
/ Uy, (s)ds — [ h(s)ds weakly in H.
To To
As (uy,, (t))n converges strongly in H to u(t), it results from the equality uy, (t) =
a+ f;o Uy, (s) ds that
t
(3.12) u(t)=a+ [ h(s)ds.
To
Consequently, u(-) is absolutely continuous with 4(t) = h(t), for almost all ¢, and
hence
iy, (+) = a(-), weakly in L*([Tp, T + 0], H).

Set z(t) = —f(t,u(t)) and I = [Tp,To + 6]. Keeping in mind that z)(t) =
— [t ux(t)), we get
(3.13) r, (-) = 2a, (1) = () — 2(-), weakly in L*(I, H),

and by (3.9) we have |[4(t) — z(t)|| < 8+, and hence also ||4(t)|| < 28 + 7, for
almost every ¢t € I. The latter inequality entails by (3.12) that
Ju(t) = all < (t = T0)(28 + ) < p/3
since 6 < m, so u([Tv, To +0]) C B(a,p/3). Applying Mazur’s lemma, through
(3.13) there exist for each n € N some integer r(n) > n and real numbers sy, > 0
7(n) r(n)
with 3 sg, = 1,such that ) sg,(2z, — @y, ) converges strongly to z(-) — 4(-) in
k=n k=n
L2(I, H).
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Extracting a subsequence, we may suppose that, for some negligible N C I, the
derivatives u(t) and uy, (t) exist for all t € I\ N and that

r(n)

(3.14) Z Sk (2, (B) — 0y, (1)) — 2(t) —a(t), for allt € T\ N.

We may also suppose that the inequalities in Lemma 3.4 hold for all ¢ € I\ N and
all A, with n € N. Fix any ¢t € I\N. First we have by (3.8) and Schwartz inequality
the estimation

(3.15) Z Sk (2x () =, (8), u(t) — proj oy (un, (1))

r(n)
< (B+7) D skallu(t) — proj e (un, (1))

k=n

Further, the Lipschitz continuity of proj ¢ (-) on B(a, §) and the inclusion u(t) €
C(t) (see (3.11)), ensure that

Proj c(y) (uy,(t)) —u(t) — 0 strongly in H,

n—-+00

so by (3.15)

(3.16) Z Sk (22, (1) — Uy, (t), u(t) — proj c(uy,(t))) = 0 asn — oo.

Writing for any 2’ € H

r(n)

Z Skn{2n () = Ua, (1), 2 — proj o (u, (1))
r(n)
= (X skalea (t) = i, (), — u(t))

k=n

r(n)

+ Z Sk (2xg () — U, (8), u(t) — proj o (ux, (1))
we deduce from (3.14) and (3.16), as n — oo,
(B17) D sialaa () — i, ()2 = projo(un (1)) = (z(t) — a(t), 2’ — u(t)).

On the other hand, noting from (2.2) and (3.8) that

2\ (t) — ax(t) € N(C(t); proj ¢ (ua(t)),



14 M. SENE AND L. THIBAULT

we see by (2.1) that, for all ' € C(t),

(n)
> skn{zn (8) = tia (£), 2 — proj o (ua, (1))
k=n

B\ X 2
< <2p) > skanlla’ = proj e (u, (8))12,
k=n

and since proj o) (un, (t)) — u(t) as n — oo, using (3.17) it follows that

(z(t) —a(t), 2 —u(t)) < <ﬁ2+p’y> ||z" — w(t)||* for all 2’ € O(t),

which entails
(3.18) —a(t) + z(t) € NE(C(t);u(t)) = N(C(t); u(t)).
The inclusion being true for all t € I \ N, the proof of the lemma is complete. [

The existence result over the whole interval [Ty, T] can be obtained through the
existence of the truncated interval above.

Lemma 3.7. Assume that f is defined on [Ty, T| x H and satisfies for allt € [Ty, T]
and z,y € H

If(t2)| <8 and [[f(t,2) = f(t )l < kllo -yl

Then a solution for the differential inclusion (E¢) can be obtained over the whole
interval [Ty, T'| by subdivision of the latter into finitely many intervals of length less

__pP
than SEHT)

Proof. Fix an integer N € N such that % < m. Without loss of generality

we may then take for the positive real number 6 (which has been fixed above with
0 < WPJW) the real number TFVTO, ie, 0 = (T —Typ)/N. Put T; = Ty + i for
i =0,1,---,N. Lemma 3.6 provides a Lipschitzian solution u; (with 25 + v as

Lipschitz constant) on the interval [Ty, T}] for the differential inclusion

{ —u(t) € N (u(t) + £(E ult))
u(Ty) = a.

As w1 (T1) € C(T1) we may apply again Lemma 3.6 with 7 in place of T and with
u1(71) as initial condition to obtain a Lipschitzian solution (with 23+~ as Lipschitz
constant) over the second closed interval [T, T3] for the differential inclusion

{ —u(t) € Nog)(u(t) + f(t,u(t))
’U,(Tl) = ul(Tl).

We can proceed in this way up to the last closed interval [Tj_1,T)]. Defining
the mapping u(-) on the whole interval [Ty, 7] by putting w(t) := w;(t) for any
t € [T;—1,T;], with i = 1,--- | N, it is easily seen that u(-) provides a Lipschitzian
(with 254~ as Lipschitz constant) solution over [Ty, T'| for the differential inclusion
(Ey). O



REGULARIZATION OF SYSTEMS WITH MOVING SETS 15

The last step of the proof of Theorem 2.4 is the uniqueness of solution for (P)
(in Lemma 3.6) and for (Ef). This feature is a consequence of the following lemma
with U as B(a, p/3) and H respectively.

Lemma 3.8. Let U be an open set of H and let Th €|Ty,T]. Assume that f is
defined on [To,T1] x U with values in H and satisfies the inequalities in (i) and (ii)
of Theorem 2.4 for allt € [Ty,T1] and x,y € U. Then the differential inclusion

{ —u(t) € New(u(t)) + f(E, u(t))
u(Ty) = a € C(Tp)

has at most one solution u(-) over [Ty, Th] with u([Ty,Th]) C U.

Proof. Let u;(-)i = 1,2 be two solutions of the differential inclusion. By the p-
hypomonotonicity property of the normal cone of C(t) we have

(Ur(t) + f(t,ur(t)) — wa(t) — f(t, ua(?t)), ur(t) — ua(t))
< ;(Hul(t) + [t ur ()] + [[a(t) + £t ua())]) lua(t) — ua(t)]).

Recalling that k is a Lipschitz constant of f(t,-) and putting
1. .
a(t) ==k + ;(Hul(t) + [t un ()] + lia(t) + (8 u2(®)]),
we see through (ii) that, for almost every t € [Ty, Th],

(a1 (t) = da(t), ur (t) — ua(t)) < a(®)|ur(t) — ua(t)|?,

or equivalently

%Hm(t) —uz(t)]|* < 2a(t)[Jua (t) — wa(t)]*.

Further, by the assumption (ii) the non-negative function a(-) is Lebesgue integrable
on [Tp,T1]. Then, the Gronwall lemma (see Lemma 3.2) guarantees that, for all
t e [To, Tﬂ,

t

lus () = w2 ()1 < Jus(To) — ua(To)|* exp (2/T a(r)dr) =0,

which justifies the uniqueness property. O
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